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41 Lqwurgxfwlrq
Vwdwlvwlfdo whfkqltxhv edvhg rq kljkhu0rughu prphqwv dqg vshfwud duh ri juhdw ghpdqg lq pdq| hogv ri
dssolfdwlrqv lqfoxglqj jhrsk|vlfv/ dvwurqrp|/ rfhdqrjudsk|/ vrqdu/ frppxqlfdwlrqv/ lpdjh surfhvvlqj/
 xlg phfkdqlfv/ sodvpd sk|vlfv/ wxuexohqfh/ hfrqrplfv dqg qdqfh1 Wkh ehjlqqlqj ri kljkhu0rughu
vwdwlvwlfv fdq eh wudfhg edfn wr Nroprjrury*v zrun dqg wkrvh frqwulexwlrqv lq wkh 4<93v/ vxfk dv Euloolqjhu
^49` dqg Euloolqjhu dqg Urvhqeodww ^4<`> exw lw lv rqo| gxulqj uhfhqw ghfdghv wkdw wkh duhd kdv ehhq
udslgo| h{sdqglqj1 Wkh eleolrjudsk| rq kljkhu0rughu vwdwlvwlfv frpslohg e| Vzdpl/ Jldqqdnlv dqg ]krx
^86` olvwhg 4:8< sdshuv/ dqg wkhvh sdshuv duh rqo| wkrvh uhodwhg wr vljqdo surfhvvlqj dqg hqjlqhhulqj
dssolfdwlrqv1 Qlnldv dqg Shwursxox ^7;` srlqwhg rxw vrph prwlydwlrqv ehklqg wkh xvh ri kljkhu0rughu
vshfwud lq vljqdo surfhvvlqj/ qdpho| wr ghwhfw dqg fkdudfwhul}h qrq0olqhdulwlhv> wr ghwhfw vljqdo iurp
Jdxvvldq ru qrq0Jdxvvldq qrlvh> wr uhfrqvwuxfw skdvh dqg pdjqlwxgh ri vljqdov1 Lq Euloolqjhu ^4:`/ d
fulwhulrq lqyroylqj wkh vhfrqg0 dqg wklug0rughu vshfwudo ghqvlwlhv zdv frqvlghuhg zlwk wkh lqwhqwlrq wr
rewdlq lpsuryhg hvwlpdwhv iru qrq0Jdxvvldq wlph vhulhv/ dv zhoo dv iru whvwlqj wkh k|srwkhvlv ri qrq0
Jdxvvldqlw|1 D vlplodu dssurdfk zdv iroorzhg lq Ohrqhqnr hw do1 ^79` +vhh dovr Whugln ^87`,1
Wkh vhfrqg0rughu lqirupdwlrq pd| eh lghqwlfdo iru glhuhqw fodvvhv ri surfhvvhv1 Iru h{dpsoh/ d vh0
txhqfh ri lqghshqghqw dqg lghqwlfdoo| glvwulexwhg +llg, udqgrp yduldeohv dqg d vhtxhqfh ri xqfruuhodwhg
qrq0Jdxvvldq udqgrp yduldeohv kdyh lghqwlfdo vhfrqg0rughu lqirupdwlrq1 Wr glvwlqjxlvk wkhvh wzr vh0
txhqfhv/ zh kdyh wr uho| rq kljkhu rughu lqirupdwlrq1 Lq idfw/ wkh wklug0rughu vshfwuxp lv frqvwdqw iru llg
vhtxhqfhv zkloh fdq eh suhvhqwhg lq dq h{suhvvlrq iru xqfruuhodwhg qrq0Jdxvvldq vhtxhqfhv1 Wkh vhfrqg0
rughu lqirupdwlrq pd| hyhq eh lqfrpsohwh ru xvhohvv1 Iru lqvwdqfh/ lq wkh fodvvlfdo DUFK0JDUFK
prghov/ wkh vhfrqg0rughu lqirupdwlrq lv wulyldo/ zkloh wkh kljkhu rughuv frqwdlq vljqlfdqw lqirupdwlrq
derxw wkh sdudphwhuv ri wkh prgho1 Vlplodu vlwxdwlrqv rffxu lq vrph sureohpv ri qdqfldo pdwkhpdwlfv
+vhh Uhpdun ; ri Dqk/ Ohrqhqnr dqg Vdnkqr ^8`,1 Zh surylgh lq Vhfwlrq 7 ixuwkhu h{dpsohv zkhuh
kljkhu0rughu lqirupdwlrq sod|v dq hvvhqwldo uroh lq vwdwlvwlfdo lqihuhqfh1 Wkhvh h{dpsohv lqfoxgh Grssohu
surfhvvlqj xvlqj wkh wulvshfwuxp +Gz|hu ^57`/ Dqghuvrq hw do1 ^5`,> glxvlrq zlwk olqhdu jhqhudwru +\d0
pdgd dqg Zdwdqdeh ^88`/ Lnhgd dqg Zdwdqdeh ^73`/ Ljoöl dqg Whugln ^6<`,> elolqhdu vwrfkdvwlf v|vwhpv
zlwk Eurzqldq prwlrq lqsxw +Ljoöl dqg Whugln ^6;`,> qrq0Jdxvvldq olqhdu surfhvvhv +Eduqgru0Qlhovhq
dqg Vkhskdug ^</ 43`/ Dqk/ Kh|gh dqg Ohrqhqnr ^6`,> dqg qrq0Jdxvvldq vljqdo lq wkh suhvhqfh ri Jdxvvldq
qrlvh1 Vrph pruh h{dpsohv duh surylghg lq Dqk/ Ohrqhqnr dqg Vdnkqr ^8`/ ^9`1
Vwdwlvwlfdo hvwlpdwlrq ri udqgrp surfhvvhv dqg hogv lq wkh iuhtxhqf| grpdlq lv dq h{whqvlyh duhd
ri vwdwlvwlfdo lqihuhqfh +vhh/ iru h{dpsoh/ Leudjlpry ^69`/ Kdqqdq ^65/ 66`/ Gxqvpxlu dqg Kdqqdq ^56`/
Jx|rq ^64`/ Urvhqeodww ^83`/ Ir{ dqg Wdttx ^58`/ Ehqwnxv dqg Pdo|xn|dylfk|xv ^47`/ Jludlwlv dqg Vxu0
jdlolv ^5;`/ Kh|gh dqg Jd| ^67`/ Kh|gh ^68`/ Jludlwlv dqg Wdttx ^5<`/ Jdr hw do1 ^59/ 5:`,1 Pdq| ri wkhvh
whfkqltxhv uho| rq wkh lqirupdwlrq surylghg e| wkh vshfwudo ghqvlw|/ wkdw lv/ wkh vhfrqg0rughu lqirupdwlrq
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idfwrul}dwlrq1 Wkh rxwhu sduw lv lghqwlhg e| wkh xvh ri vhfrqg0rughu hvwlpdwhv iurp wkh revhuyhg olq0
hdu surfhvv/ zkloh wkh lqqhu sduw lv lghqwlhg e| wkh xvh ri kljkhu0rughu fxpxodqw vshfwudo hvwlpdwhv1
Exog|jlq hw do1 ^53` vwxglhg wkh sureohp ri lghqwlfdwlrq ri d olqhdu vwrfkdvwlf v|vwhp xvlqj dq lqwhjudo
uhsuhvhqwdwlrq ri fxpxodqwv ri wkh vdpsoh lqsxw0rxwsxw furvv0fruuhorjudp1 Erxqgv iru kljkhu0rughu fx0
pxodqwv dulvlqj iurp d olqhdu wlph vhulhv uhjuhvvlrq prgho zhuh lqyhvwljdwhg lq ]kdqj dqg Vkdpdq ^89`1
Wkh erxqgv shuplw ghulydwlrq ri dv|pswrwlf prphqwv dqg dv|pswrwlf qrupdolw| iru wkh prgho hvwlpd0
wruv1 Lq frqqhfwlrq zlwk wkh hvwlpdwlrq ri kljkhu0rughu vshfwudo ghqvlwlhv/ zh vkrxog srlqw rxw wkdw d
qrqsdudphwulf dssurdfk kdv ehhq pdlqo| iroorzhg/ uhvxowlqj lq shulrgrjudpv ri kljkhu rughuv dqg wkhlu
prglfdwlrqv zlwk wkh xvh ri vprrwklqj/ wdshulqj/ vkliw0lq0wlph phwkrgv +vhh/ iru h{dpsoh/ Euloolqjhu
dqg Urvhqeodww ^4<`/ Dohnvhhy ^4`/ Eded Kduud ^;`,1 Hvwlpdwlrq ri sdudphwulf prghov xvlqj kljkhu0rughu
lqirupdwlrq kdv ehhq ghyhorshg lq wkh wlph grpdlq iru vrph sduwlfxodu fdvhv vxfk dv DU dqg DUPD
prghov edvhg rq d jhqhudol}dwlrq ri wkh \xoh0Zdonhu phwkrg +vhh/ iru h{dpsoh/ Qlnldv dqg Shwursxox
^7;`,1
Lq wkh suhvhqw sdshu/ zh ghyhors d phwkrg iru plqlpxp frqwudvw hvwlpdwlrq edvhg rq wkh vshfwudo
ghqvlwlhv ri wkh jhqhudo n0wk rughu1 Wkh fodvv ri surfhvvhv iru zklfk wklv phwkrg lv dssolfdeoh lv ghqhg e|
wkh frqglwlrqv rq wkh vshfwudo ghqvlwlhv dqg wkh zhljkw ixqfwlrqv lqfrusrudwhg lq wkh plqlpxp frqwudvw
ixqfwlrqdo/ dqg wklv dssurdfk grhv qrw h{foxgh wkh srvvlelolw| ri orqj0udqjh ghshqghqfh lq wkh surfhvvhv1
Ixuwkhupruh/ wkh fruuhvsrqglqj ixqfwlrqdo lv olqhdu zlwk uhvshfw wr wkh shulrgrjudp ri wkh n0wk rughu>
wkhuhiruh wkhuh lv qr qhhg wr frqvlghu nhuqho hvwlpdwlrq iru wkh vshfwudo ghqvlwlhv1 Wr ghulyh wkh dv|pswrwlf
surshuwlhv ri rxu hvwlpdwruv/ zh xvh wkh uhvxowv rq wkh dv|pswrwlf ehkdylrxu ri vdpsoh vshfwudo ixqfwlrqdov
ri kljkhu rughuv1 Qrwh wkdw hvwlpdwhv iru wkh vshfwudo ixqfwlrqdov ri wkh vhfrqg rughu kdyh ehhq h{whqvlyho|
vwxglhg/ exw prvwo| iru zhdno| ghshqghqw surfhvvhv1 Uhvxowv iru vdpsoh vshfwudo ixqfwlrqdov ri kljkhu
rughuv fdq eh irxqg/ iru h{dpsoh/ lq Ehqwnxv ^46` dqg Nhhqdq ^76`> krzhyhu wkhvh uhvxowv zhuh rewdlqhg
xqghu vrph uhvwulfwlyh frqglwlrqv1 Khuh zh surylgh wkh uhvxowv iru kljkhu0rughu vshfwudo ixqfwlrqdov xqghu
d udwkhu jhqhudo vhw ri frqglwlrqv> lq idfw/ zh gr qrw lpsrvh vxfk frqglwlrqv dv erxqghgqhvv ru vtxduh
lqwhjudelolw| ri vshfwudo ghqvlwlhv ru vxppdelolw| ri fxpxodqwv1 Wkhlu surriv duh edvhg rq wkh hydoxdwlrq
ri wkh fxpxodqwv ri wkh fruuhvsrqglqj ixqfwlrqdov1 Qrwh wkdw fxpxodqwv duh riwhq xvhg lq wkh ghulydwlrq
ri dv|pswrwlf suredelolw| glvwulexwlrqv +Julpphw ^63`/ Vxqgw hw do1 ^85`, dqg dv|pswrwlf surshuwlhv ri
vwdwlvwlfdo hvwlpdwruv +]kdqj dqg Vkdpdq ^89`/ Euloolqjhu ^4;`/ Exog|jlq hw do1 ^53`,1 Zh xvh vrph lghdv
rq plqlpxp frqwudvw hvwlpdwlrq gxh wr Leudjlpry ^6:`/ Ohrqhqnr dqg Progdyv*nd ^78`/ zkhuh dqdorjrxv
ixqfwlrqdov edvhg rq wkh vhfrqg0rughu vshfwudo ghqvlw| zhuh dssolhg wr wkh hvwlpdwlrq ri frqwlqxrxv0wlph
udqgrp surfhvvhv dqg hogv zlwk vtxduh lqwhjudeoh vshfwudo ghqvlwlhv1 Dqk/ Ohrqhqnr dqg Vdnkqr ^7/ 8/ 9`
dssolhg wkhvh lghdv wr wkh fdvh ri surfhvvhv zlwk orqj0udqjh ghshqghqfh1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 frqwdlqv wkh uhvxowv frqfhuqlqj odujh vdpsoh surshuwlhv ri
wkh vdpsoh vshfwudo ixqfwlrqdov1 Wkhvh uhvxowv duh wkhq dssolhg wr rewdlq wkh pdlq uhvxowv lq Vhfwlrq 6 rq
frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri wkh sursrvhg plqlpxp frqwudvw hvwlpdwruv1 Vhfwlrq 7 surylghv
vrph h{dpsohv lq zklfk wkh xvh ri kljkhu0rughu lqirupdwlrq lv qhhghg iru vwdwlvwlfdo lqihuhqfh1 Wkh surriv
ri wkh uhvxowv duh jurxshg wrjhwkhu lq Vhfwlrq 81 Wkh| uho| rq wkh surshuwlhv ri wkh pxowlglphqvlrqdo
nhuqhov ri Ihmìu w|sh dqg vrph irupxodh rq fxpxodqwv> wkhvh duh surylghg lq Dsshqglfhv D dqg E1
51 Suholplqdulhv
Lq wklv vhfwlrq/ zh suhvhqw vrph uhvxowv rq odujh vdpsoh surshuwlhv ri wkh vdpsoh vshfwudo ixqfwlrqdov1
Wkhvh uhvxowv duh prvwo| nqrzq iru wkh vhfrqg0rughu vshfwudo ghqvlw| +Leudjlpry ^69`/ Ehqwnxv ^44/ 45/
46`,1 Wkhlu h{whqvlrqv wr n0wk rughu vshfwud dqg fruuhvsrqglqj ixqfwlrqdov iroorz wkh lghdv ri Euloolqjhu
^49`/ Euloolqjhu dqg Urvhqeodww ^4<` dqg Ehqwnxv ^46`1 Rxu h{srvlwlrq fryhuv erwk frqwlqxrxv0 dqg glvfuhwh0
wlph vwrfkdvwlf surfhvvhv1 Wr suhvhqw wkh uhvxowv lq d xqlhg pdqqhu/ zh zloo xvh  wr phdq hlwkhu wkh
uhdo olqh U ru wkh lqwhuydo +> ` dv dssursuldwh iru wkh frqwlqxrxv0 ru glvfuhwh0wlph vhwwlqj uhvshfwlyho|1
Frqglwlrq L1 Ohw \ +w, > w 5 U ru w 5 ]> eh d uhdo0ydoxhg phdvxudeoh vwulfwo| vwdwlrqdu| surfhvv zlwk }hur
phdq dqg vshfwudo ghqvlwlhv i  +  > ===>   , 5 O     ri rughu n @ 5> 6> === vxfk wkdw lwv fxpxodqw ri
rughu n lv jlyhq e|
+514, f  +w  > ===> w  , @
]
tŁo
i  +  > ===>   , h -
tŁo
-4K g  ===g  =
Dw vrph sodfhv lq wkh iroorzlqj zh zloo dovr zulwh wkh vshfwudo ghqvlw| ri wkh n0wk rughu dv d ixqfwlrq ri




Kdylqj revhuyhg wkh surfhvv \ +w, ryhu wkh lqwhuydo ^3> W ` > ru jlyhq i\ +4, > ===> \ +W ,j > zh ghqh wkh
qlwh Irxulhu wudqvirup








h   1 \ +w, > w 5 >
dqg wkh shulrgrjudp ri wkh n0wk rughu
+516, L 










  @ 3> exw qr surshu vxevhw ri   kdv vxp 3= Frqvlghu wkh vshfwudo ixqfwlrqdo ri wkh n0wk
rughu
+517, M  +*, @ M  +*>#, @
]
tŁo
i  +,* +,# +, g ¢ >
dqg wkh vdpsoh vshfwudo ixqfwlrqdo ri wkh n0wk rughu
+518, M 









+,* +,# +,g ¢ =
Lq wkh deryh lqwhjudov/ zh kdyh ghqrwhg  @ +  > ===>   , zlwk   @ S 
¡

  > dqg  ¢ @ +  > ===>   , 5
 ff 1 Wkh ixqfwlrqv * +, dqg # +, pd| eh uhdo0 ru frpsoh{0ydoxhg dqg duh vxfk wkdw wkh lqwhjudo lq
+517, lv zhoo ghqhg/ dqg wkh ixqfwlrq # +, vdwlvhv wkh iroorzlqj frqglwlrq=
Frqglwlrq LL1 # +,  3 li dq| surshu vxevhw ri   kdv vxp 3> wkdw lv/ # +,  3 rq doo k|shusodqhv ri
wkh irup S G£¤   @ 3> zkhuh  @ il  > ===> l ¥ j  i4> ===> nj dqg 4  o ? n1
Qrwdwlrqv1 Lq zkdw iroorzv/ zh zloo xvh wkh qrwdwlrqv vlplodu wr +517,/ qdpho|/ li lw grhv qrw fdxvh dq|
frqixvlrq/ zh zloo zulwh U  tŁo j +x,gx
¢

















zlwk  +, ehlqj wkh Nurqhfnhu ghowd ixqfwlrq1 Li  lv d vhw ri qdwxudo qxpehuv/ zh zloo
zulwh mm wr ghqrwh wkh qxpehu ri hohphqwv lq / dqg  wr ghqrwh wkh vxevhw ri  zklfk frqwdlqv doo wkh hoh0












zkhuh +  > ===>  § , lv d sduwlwlrq ri wkh vhw i4> ===> nj1 Lq vxfk d fdvh/ lqwhjudwlrq lv xqghuvwrrg zlwk uhvshfw
wr +n s,0glphqvlrqdo yhfwru x
¢
/ rewdlqhg iurp wkh yhfwru x @ +x  > ==> x  , lq ylhz ri s olqhdu uhvwulfwlrqv
rq n yduldeohv x 1 Iru frpsoh{0ydoxhg yduldeohv/ zh zloo zulwh  iru wkh frpsoh{ frqmxjdwh ri 1
Lq wkh vwdwhphqwv ehorz/ zh zloo xvh wkh pxowlglphqwlrqdo nhuqhov ri Ihmìu w|sh  

+x, > x 5  ff >
jlyhq lq Dsshqgl{ D e| wkh irupxodh +D14, dqg +D15, iru frqwlqxrxv dqg glvfuhwh wlph uhvshfwlyho|1
Ohw xv uvw frqvlghu wkh phdq ri wkh ixqfwlrqdo M 

+*, =















































K  +, @ * +,# +, >
wkh vxp lq +519, lv wdnhq ryhu doo xqrughuhg sduwlwlrqv +  > ===>  § , ri wkh vhw i4> ===> nj1
® wxwxy=z={|zxzx}~rz=~z=|y=z=}xMx9y'{=z



















, > M 

+* ¯ , @ 5W ] °@tŁo  ¯  +x,J ¯  +x,gx ¢ >
zkhuh
J ¯  +x, @ J ¯  +x>*





















i ­ ¤ ¨ ­ +x .  > m 5  ¥ ,



















+ . x ,
4Dg ¢ =
Khuh
K ¯  +, @ *

+  > ===>   , * ¯ + ff² > ===> ¯  ,# +  > ===>   , # + ff² > ===> ¯  ,
dqg wkh vxp lq +51:, lv wdnhq ryhu doo xqrughuhg sduwlwlrqv +  > ===>  § , ri wkh wdeoh
4 === n
n . 4 === 5n
+vhh Dsshqgl{ E,1





, > M 

+* ¯ , @ R 4W  dv W $4=
Pruhryhu/ li J ¯  +x, lv erxqghg dqg frqwlqxrxv dw x @ 3> wkhq dv W $4
fry









@ 5J ¯  +3, =
Zh kdyh wkh iroorzlqj frqvhtxhqfh ri Ohppdv 4 dqg 51
Ohppd 61 Ohw wkh frqglwlrqv ri Ohppdv 4 dqg 5 eh vdwlvhg1 Wkhq M 

+*, $ M  +*, lq suredelolw| dv
W $4=
Ohppd 71 Ohw wkh surfhvv \ +w, > w 5 U ru w 5 ]> vdwlvi| Frqglwlrq L dqg i*

> ===> * ´ j > p  5> eh d vhw






, > ===> M 

+* ´ , @ +5, ´ W ´  ] 0µŁo   ´ +x,J  ´ +x,gx ¢ >
zkhuh
J  ´ +x, @ J  ´ +x>*































































. ===.     g ¢ >
9IyLA9LGry=}Kz=I~o~ozr~'9Kz={=G{=~oLK=~Kz=I=JyLGz º
Wkh vxp lq +51;, lv wdnhq ryhu doo lqghfrpsrvdeoh sduwlwlrqv +  > ===>  § , ri wkh wdeoh
4 === n
n . 4 === 5n
=== === ===
p+n  4, . 4 === pn
1
5, Li wkh ixqfwlrq J  ´ +x>*






, > ===> M 

+* ´ , @ R 4W ´   dv W $4=
Zh duh deoh wr suhvhqw pruh jhqhudo irupxodh iru wkh fxpxodqwv ri wkh ixqfwlrqdov M 

+*,1 Frqvlghu






+j   , > ===> M 

¦
j  ¦  @ fxpM 


j   > #










iru vrph {hg vhw ri lqglfhv in  > ===> n§ j> n   5> l @ 4> ===> s> d vhw ri zhljkw ixqfwlrqv ij  ¹ j 
¡

ª « « «
§ @
ij  ¹ +  > ===>   ¹ ,j 
¡

ª « « «





ª « « «
§ @ i#

¹ +  > ===>   ¹ ,j 
¡

ª « « «
§ /
zklfk vdwlvi| Frqglwlrq LL1 Ohw xv ghqrwh Q » @ n  . ===. n » > t @ 4> ===> s> Q @ Q § / Q   @ 3=







+j   , > ===> M 

¦
j  ¦  @ +5, ¼ W ¼  ] ½Ło  ¼ +x,I  F« « «  ¦ +x,gx ¢ >
zkhuh
I   « « «  ¦ +x, @ I   « « «  ¦






























































Wkh vxp lq +51<, lv wdnhq ryhu doo lqghfrpsrvdeoh sduwlwlrqv +  > ===>  ¥ , ri wkh wdeoh
4 === Q 
Q  . 4 === Q ¯
=== === ===
Q§  . 4 === Q §
+vhh Dsshqgl{ E,1






+j   , > ===> M 

¦
j  ¦  @ R 4W ¼   dv W $4=
Qrz ohw xv { wkh zhljkw ixqfwlrqv *






+*  , 
¡













ª « « « ª
´
dqg
M  @ iM  +*  ,j 
¡











ª « « « ª
´
=
Ohw  @ i  j 
¡

ª « « « ª
´
eh d frpsoh{0ydoxhg Jdxvvldq udqgrp yhfwru zlwk phdq }hur dqg vhfrqg0rughu
prphqwv
z   @ H  

@ 5J ¯  3>*  > *

> # > l> m @ 4> ===>p>
¾ wxwxy=z={|zxzx}~rz=~z=|y=z=}xMx9y'{=z
zkhuh J ¯  x>*  > *

> # lv jlyhq e| +51:,1
Frqglwlrq LLL1 Wkh zhljkw ixqfwlrqv *

> ===> * ´ dqg wkh vshfwudo ghqvlw| ri wkh n0wk rughu i  duh vxfk
wkdw
W 4³ ¯ HM 

 M  $ 3 dv W $41
Ohppd 91 Ohw wkh dvvxpswlrqv ri Ohppdv 4 dqg 5 krog dqg wkh ixqfwlrqv J ff¥ x>* ´

> ===> * ´ ¨ >#
ghqhg e| +51;, duh erxqghg iru doo o @ 5> 6> === dqg doo fkrlfhv +p  > ===>p ¥ , zlwk 4  p   p> l @ 4> ===> o=
Wkhq dv W $4





dqg/ pruhryhu/ li wkh dvvxpswlrq LLL krogv/ wkhq dv W $4
+5144, W 4³ ¯ M 

 M   ¿$ =
61 Pdlq uhvxowv
Ohw d udqgrp surfhvv \ +w, eh revhuyhg rq wkh lqwhuydo ^3> W ` ru dw wkh wlph srlqwv w @ 4> 5> ===> W=
Frqvlghu d sdudphwulf vwdwlvwlfdo prgho zlwk d idplo| ri glvwulexwlrqv iS À >  5 j > zkhuh  lv d frpsdfw
vxevhw ri U ´ dqg wkh wuxh ydoxh ri wkh sdudphwhu yhfwru    5 lqw> wkh lqwhulru ri = Ghqrwh S   @ S À4Á =
D qrqudqgrp uhdo0ydoxhg ixqfwlrqN +   > ,  3 lv fdoohg d frqwudvw ixqfwlrq li lw kdv d xqltxh plqlpxp
dw  @    = D udqgrp surfhvv X  +, > W 5 U ru W 5 Q>  5 > uhodwhg wr wkh revhuydwlrqv i\ +w, > w 5 ^3> W `j




^X  +, X  +   ,`  N +   > ,
lq S   0suredelolw|1 Wkh plqlpxp frqwudvw hvwlpdwru a  lv ghqhg dv d plqlpxp srlqw ri wkh ixqfwlrqdo
X  +, > wkdw lv/
a  @ dujplq
À
£sÄ
X  +, =
Zh zloo xvh wkh frqglwlrq ri lghqwldelolw| ri d udqgrp surfhvv lq wkh iroorzlqj vhqvh= Kdylqj lqwur0
gxfhg d sdudphwulf idplo| ri suredelolw| phdvxuhv iS À >  5 j > zh zloo vxssrvh wkdw +l, glhuhqw ydoxhv
ri wkh sdudphwhu yhfwru  fruuhvsrqg wr glhuhqw suredelolw| phdvxuhv S À > dqg hdfk suredelolw| phd0
vxuh S À lq wxuq/ lq dffrugdqfh zlwk Nroprjrury*v frqvlvwhqf| wkhruhp/ fruuhvsrqgv wr d fhuwdlq udqgrp
surfhvv srvvhvvlqj d sduwlfxodu idplo| ri vshfwudo ghqvlwlhv +lqgxfhg e| wklv suredelolw| phdvxuh S À ,/ dqg
+ll, iru   >  ¯ 5  zlwk   9@  ¯ > zh zloo kdyh iru wkh vshfwudo ghqvlwlhv ri rughu n @ 5> 6> ===
i  +  > ===>   >   , 9@ i  +  > ===>   >  ¯ ,
doprvw hyhu|zkhuh lq   zlwk uhvshfw wr Ohehvjxh phdvxuh1
Lq zkdw iroorzv/ zh zloo dozd|v dvvxph wkdw wkh deryh frqglwlrq ri lghqwldelolw| lv vdwlvhg1 Ohw xv
lqwurgxfh wkh iroorzlqj frqglwlrqv1
Frqglwlrq LY1 Ohw wkh udqgrp surfhvv \ +w, > w 5 U ru w 5 ]> vdwlvi| Frqglwlrq L dqg vxssrvh wkdw lwv
vshfwudo ghqvlwlhv ghshqg rq dq xqnqrzq sdudphwhu  =
i  +, @ i  +  > ===>   > , @ Uh i  +> , . l Lp i  +> ,
@ i ©  ¬

+> , . li © ¯ ¬

+> , >  @ +  > ===>   , 5   >
 5   U ´ >  ehlqj d frpsdfw vhw/ dqg wkh wuxh ydoxh ri wkh sdudphwhu    5 lqw=
Frqglwlrq Y1 Ohw wkh uhdo0ydoxhg ixqfwlrqv z ©  ¬

+, > l @ 4> 5> z  ª   +, dqg wkh vshfwudo ghqvlw| ri wkh
n0wk rughu vdwlvi| wkh iroorzlqj dvvxpswlrqv=
+l, z ©  ¬

+, > l @ 4> 5> dqg z  ª   +, vdwlvi| wkh vdph frqglwlrqv ri v|pphwu| dv wkh n0wk rughu vshfwudo
ghqvlw|>
+ll, z  ª   +, vdwlvhv Frqglwlrq LL>
+lll, z ©  ¬

+,z  ª   +, i ©  ¬

+> , 5 O     > l @ 4> 5> iru doo  5 >
+ly, z ©  ¬

+, i ©  ¬

+> ,  3> l @ 4> 5> +> , 5   =
9IyLA9LGry=}Kz=I~o~ozr~'9Kz={=G{=~oLK=~Kz=I=JyLGz Å





i ©  ¬

+> ,z ©  ¬

+,z  ª   +, g ¢ @  ©  ¬

+, > l @ 4> 5
dqg frqvlghu wkh idfwrul}dwlrq ri wkh uhdo dqg lpdjlqdu| sduwv ri wkh vshfwudo ghqvlw| i  +> ,=
+615, i ©  ¬

+> ,z ©  ¬

+, @  ©  ¬

+,# ©  ¬

+> , > l @ 4> 5>  5 >





 >  5 > m @ 4> ===> n=
Wkh ixqfwlrqv # ©  ¬

+> , > l @ 4> 5> vdwlvi|
+616, # ©  ¬






+> ,z ©  ¬

+,







# ©  ¬

+> ,z  ª   +,g ¢ @ 4=
Lq wkh iroorzlqj zh zloo rplw wkh lqgh{ n lq wkh ixqfwlrqv z ©  ¬

dqg z  ª   li wklv grhv qrw fdxvh dq|
frqixvlrq1
Frqvlghu wkh iroorzlqj frqwudvw surfhvv=























+, lv wkh shulrgrjudp ri wkh n0wk rughu jlyhq e| +516,/ wkh qrqqhjdwlyh qxpehuv s dqg t duh
vxfk wkdw s. t @ 4=
Zh lqwurgxfh wkh ixqfwlrqv




i ©  ¬






+>    ,










i © ¯ ¬






+>    ,





¬ +,z   +,g ¢
dqg





i ©  ¬








i © ¯ ¬






Uhpdun 41 Wkh dlp ehklqg wkh lqwurgxfwlrq ri wkh zhljkw ixqfwlrq z +, lv wzrirog=
+l, Wklv ixqfwlrq frpshqvdwhv srvvleoh vlqjxodulwlhv ri wkh vshfwudo ghqvlw|> lq rwkhu zrugv/ lw lv qhhghg
wr frqwuro wkh ehkdylrxu ri wkh lqwhjudqg lq wkh vshfwudo ixqfwlrqdo +618, +dqg uhodwhg lqwhjudov, dw wkh
srlqwv ri vlqjxodulw|1
+ll, Ghdolqj zlwk frqwlqxrxv0wlph udqgrp surfhvvhv dqg frqwlqxrxv revhuydwlrqv/ d zhljkw ixqfwlrq lv
qhhghg wr zduudqw wkh frqyhujhqfh ri fruuhvsrqglqj lqwhjudov1
Reylrxvo|/ zh fdqqrw vhohfw d zhljkw ixqfwlrq z +, wr vxlw doo ghqvlw| ixqfwlrqv1 Wklv vhohfwlrq ghshqgv
rq wkh vshflf irup ri wkh vshfwudo ghqvlw|1 Ixuwkhupruh/ wkh wzr dvshfwv +l, dqg +ll, lqgxfh d vhw ri
frqglwlrqv qhhghg iru wkh ixqfwlrq z +, irupxodwhg ehorz1 D frqwudvw surfhvv ri wkh w|sh +618, zdv
xvhg lq Ohrqhqnr dqg Progdyv*nd ^78` zkhuh/ iru wkh hvwlpdwlrq ri udqgrp hogv zlwk vshfwudo ghqvlw|





° zdv fkrvhq1 Wkh vdph ixqfwlrqdo +618,
zlwk d vshflf zhljkw ixqfwlrq zdv xvhg lq Dqk/ Ohrqhqnr dqg Vdnkqr ^7` iru sdudphwhu hvwlpdwlrq ri
iudfwlrqdo Ulhv}0Ehvvho prwlrq +IUEP,1 Wkh lghd wr lqwurgxfh d zhljkw ixqfwlrq lqwr d frqwudvw surfhvv
iru wkh fdvh ri frqwlqxrxv0wlph vwrfkdvwlf surfhvvhv +revhuyhg frqwlqxrxvo|, zdv dovr xvhg lq Jdr hw do1
Ç wxwxy=z={|zxzx}~rz=~z=|y=z=}xMx9y'{=z
^5:`1 Lq wkhlu sdshu/ d frqwlqxrxv yhuvlrq ri wkh Jdxvv0Zklwwoh frqwudvw ixqfwlrq +zlwk zhljkw ixqfwlrq
z +, @ 
0²

° , zdv frqvlghuhg iru wkh hvwlpdwlrq ri IUEP1
Uhpdun 51 Iru wkh fdvh ri vhfrqg0rughu vshfwudo ghqvlw|/ zh vxssrvh wkh h{lvwhqfh ri d uhdo0ydoxhg/
qrqqhjdwlyh ixqfwlrq z +,/  5 / v|pphwulf derxw }hur/ vxfk wkdw z +, i +> , 5 O  +, > ; 5 / dqg
lqwurgxfh wkh idfwrul}dwlrq
i ¯ +> , @  ¯ +,# +> , >  5 >  5 >
zkhuh
 ¯ +, @
]

i ¯ +> ,z +,g
dqg ]

# +> ,z +,g @ 4=
Wkh frqwudvw hog lq wklv fdvh lv ri wkh irup
X ¯ ª  +, @ 
]

L ¯ ª  +,z +, orj# +> ,g>
zkhuh L ¯ ª  +, lv d shulrgrjudp ri wkh vhfrqg rughu jlyhq e| +516, zlwk n @ 51 Wklv fdvh zdv wuhdwhg lq
Dqk/ Ohrqhqnr dqg Vdnkqr ^7`1
Uhpdun 61 Frqwlqxlqj rxu frpphqw uhjduglqj zhljkw ixqfwlrqv/ ohw xv frqvlghu djdlq wkh fdvh n @ 5
dqg wkh ixqfwlrqdo X ¯ ª  +,1 Zh qrwh wkh iroorzlqj idfw= li wkhuh h{lvwv d vprrwk ixqfwlrq y = $  zlwk
Irxulhu wudqvirup ay vxfk wkdw z+, @ may+,m ¯ / wkhq wkh surgxfw i ¯ +,z+, fdq eh ylhzhg dv wkh vshfwudo
ghqvlw| ri wkh udqgrp surfhvv rewdlqhg iurp wkh ruljlqdo rqh e| olqhdu owhulqj zlwk wudqvihu ixqfwlrq
ay+, +l1h1/ lpsxovh uhvsrqvh ixqfwlrq y+,,1 Khuh zh qg d sdudooho vlwxdwlrq zlwk Kh|gh dqg Jd| ^67`
zkhuh wkh dv|pswrwlfv iru wkh vprrwkhg shulrgrjudp zhuh ghulyhg yld owhulqj ri wkh ruljlqdo surfhvv/
zklfk pd| qrw kdyh d vtxduh lqwhjudeoh vshfwudo ghqvlw|/ wr surgxfh d uhodwhg rqh iru zklfk wkh vshfwudo
ghqvlw| lv vtxduh lqwhjudeoh1 Vrph vwdqgdug uhvxowv rq wkh dv|pswrwlfv ri fruuhvsrqglqj fryduldqfhv fdq
wkhq eh dssolhg1 Wkh vhw ri dvvxpswlrqv wr eh vdwlvhg e| wkh vshfwudo ghqvlw| dqg vprrwklqj ixqfwlrq
zdv wdloruhg wr lpsohphqw wklv lghd1
Zh zloo qhhg wkh iroorzlqj frqglwlrqv=
Frqglwlrq YL1 Wkh ghulydwlyhv u À # ©  ¬





# ©  ¬

+> ,z   +,g ¢ @
]
=tŁo
u À # ©  ¬

+> ,z   +,g ¢ @ 3> l @ 4> 5=
Frqglwlrq YLL1 Wkh ixqfwlrqv J 





> l @ 4> 5> duh erxqghg dqg frqwlqxrxv dw wkh
srlqw x @ 3> wkh ixqfwlrqv J  x>z ©  ¬ > z    > l @ 4> 5> duh erxqghg +J  +x>*>#, lv ghqhg e| +519,,1
Frqglwlrq YLLL1 Wkh ixqfwlrqv J ¯ 

x>z ©  ¬ orj# ©  ¬





> l @ 4> 5>
+l, duh erxqghg>
+ll, duh frqwlqxrxv dw wkh srlqw x @ 3> zkhuh wkh ixqfwlrq J ¯  +x>*

> * ¯ > #, lv ghqhg e| +51:,1
Frqglwlrq L[1 Wkhuh h{lvw wkh ixqfwlrqv y  +, dqg y ¯ +, vxfk wkdw
+l, wkh ixqfwlrqv
k ©  ¬

+> , @ y  +, orj# ©  ¬

+> , > l @ 4> 5>
duh xqlirupo| frqwlqxrxv lq  ff >






¹ > z  












¹ > z  

> l @ 4> 5> duh erxqghg1




+,  3> z © ¯ ¬





Wkhruhp 41 Ohw wkh udqgrp surfhvv \ +w, > w 5 U ru w 5 ]> vdwlvi| Frqglwlrq LY/ dqg Frqglwlrqv Y/
YLL/ YLLL+l,/ L[ dqg [ krog1
Wkhq wkh ixqfwlrq N +   > , ghqhg e| +619, lv wkh frqwudvw ixqfwlrq iru wkh frqwudvw surfhvv X  +,
ghqhg e| +618,1 Wkh plqlpxp frqwudvw hvwlpdwru a  ghqhg dv




lv d frqvlvwhqw hvwlpdwru ri wkh sdudphwhu    > wkdw lv/ a  $    lq S   0suredelolw| dv W $ 4> dqg wkh
hvwlpdwruv









+,z ©  ¬ +,z   +,g ¢
dqg










+,z © ¯ ¬ +,z   +,g ¢
duh frqvlvwhqw hvwlpdwruv ri  ©  ¬

+   , dqg  © ¯ ¬

+   , uhvshfwlyho|1
Wr vwdwh wkh uhvxow rq wkh dv|pswrwlf qrupdolw| ri wkh plqlpxp frqwudvw hvwlpdwru +61<,/ zh zloo qhhg
vrph dgglwlrqdo frqglwlrqv1
Frqglwlrq [L1 Wkh ixqfwlrqv # ©  ¬

+> , > l @ 4> 5> duh wzlfh glhuhqwldeoh lq wkh qhljkerukrrg ri wkh
srlqw    dqg wkh ixqfwlrqv
+6145, *  
¥
+> , @ z © ¥ ¬ +, C
¯





+> , > l> m @ 4> ===>p> o @ 4> 5>  5 
dqg
j ©  ¬






+> , > l @ 4> ===>p>  5 >+6146,
j ©  ² ´ ¬






+> , > l @ 4> ===>p>  5 
duh vxfk wkdw
+l, wkh ixqfwlrqv J  +x>*  
¥
> z   ,> l> m @ 4> ===>p> o @ 4> 5> duh erxqghg dqg frqwlqxrxv dw x @ 3 iru doo
 5 >
+ll, wkh ixqfwlrqv J ¯  +x>*  
¥
> *  
¥
> z   ,> l> m @ 4> ===>p> o @ 4> 5> duh erxqghg iru doo  5 >
+lll, wkh ixqfwlrqv J ff¥ +x> j © ´  ¬

> === > j © ´ ¨ ¬

> z   ,> ghqhg e| +51;, duh erxqghg iru doo  5 > o @ 5> 6> ===
dqg doo fkrlfhv +p  > === > p ¥ ,> 4 p   5p> l @ 4> ===> o>












ª « « « ª
¯t´
iru doo  5 >
+y, wkh vhfrqg0rughu ghulydwlyhv C ¯ @C  C   orj# © ¥ ¬

+> , > l> m @ 4> ===>p> o @ 4> 5> duh frqwlqxrxv
lq =
Frqglwlrq [LL1 Wkh pdwulfhv V  +, @
q









ª « « « ª
´
dqg D  +, @
q



















i ©  ¬

+> ,*  






i © ¯ ¬

+> ,*  
¯
+> ,z   +,g ¢























































l> m @ 4> ===>p>
u Ë wxwxy=z={|zxzx}~rz=~z=|y=z=}xMx9y'{=z
d ©  ¬

+, @ 45is
¯ UhJ ¯ 

3> j ©  ¬





. t ¯ UhJ ¯ 

3> j ©  ² ´ ¬






.st LpJ ¯ 

3> j ©  ² ´ ¬





 st LpJ ¯ 

3> j ©  ¬






l> m @ 4> ===>p>
zkhuh J ¯  +x>*

> * ¯ > z   , lv jlyhq e| +51:,1
Wkhruhp 51 Ohw Frqglwlrqv LY 0 [LL eh vdwlvhg1 Wkhq dv W $4
+6149, W 4³ ¯
e       ¿$ Q ´ 3> V 

+   ,D  +   ,V 

+   , >
zkhuh wkh pdwulfhv V  +, dqg D  +, duh ghqhg lq Frqglwlrq [LL1
Zh fdq dovr frqvwuxfw wkh frqwudvw surfhvv lqyroylqj wzr vshfwudo ghqvlwlhv ri wkh rughu n  dqg n ¯ = Ohw
wkh vshfwudo ghqvlwlhv i   dqg i  ° vdwlvi| Frqglwlrq Y zlwk zhljkw ixqfwlrqv z ©  ¬


> z   ª   dqg z ©  ¬

°
> z  ° ª  
uhvshfwlyho|/ dqg dvvxph wkdw wkhvh vshfwudo ghqvlwlhv fdq eh idfwrulvhg lq wkh irup +615,1
Frqvlghu wkh iroorzlqj frqwudvw surfhvv













+,z ©  ¬









+,z © ¯ ¬













+s  . t  , @ 4= Khuh/ wkh dujxphqw  lv xqghuvwrrg dv hlwkhu n  0 ru n ¯ 0glphqvlrqdo lq wkh
fruuhsrqglqj lqwhjudov/ lq dffrugdqfh zlwk rxu v|vwhp ri qrwdwlrqv lqwurgxfhg lq Vhfwlrq 51
Vlplodu wr wkh deryh/ zh lqwurgxfh wkh ixqfwlrq










i ©  ¬






+>    ,











i © ¯ ¬






+>    ,







+,z  ª   +,g ¢ ,=
Wkhruhp 61 Ohw wkh dvvxpswlrqv ri Wkhruhp 4 eh vdwlvhg iru erwk vshfwudo ghqvlwlhv i   dqg i  ° dqg
fruuhvsrqglqj zhljkw ixqfwlrqv z © ¥ ¬

¹ > z  ¹ ª   / l @ 4> 5> o @ 4> 5 1 Wkhq wkh ixqfwlrq N Ì +   > , ghqhg e|










lv d frqvlvwhqw hvwlpdwru ri wkh sdudphwhu > wkdw lv/ a  $    lq S   0suredelolw| dv W $ 4> dqg wkh








/ n @ n  > n ¯ > jlyhq e| wkh irupxodh +6143, dqg +6144, duh frqvlvwhqw hvwlpdwruv
ri  ©  ¬

+, dqg  © ¯ ¬

+, / n @ n  > n ¯ > uhvshfwlyho|1
Wr vwdwh wkh dv|pswrwlf qrupdolw| ri wkh plqlpxp frqwudvw hvwlpdwru +614;,/ zh zloo qhhg wzr pruh
frqglwlrqv lq dgglwlrq wr doo wkh deryh frqglwlrqv ri wklv vhfwlrq1
Frqglwlrq [LLL1 Wkh ixqfwlrqv I » t« « « » ¦ +x, @ I » t« « « » ¦

x> j ©   ¬»  > ===> j ©  ¦ ¬» ¦ > z » 4ª   > ===> z » ¦ª  

jlyhq e| +51<, duh
erxqghg iru doo s  5/ doo fkrlfhv +t  > ===> t § ,> t  5 in  > n ¯ j> dqg doo fkrlfhv ri wkh vhw ri zhljkw ixqfwlrqv
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Wkhruhp 71 Ohw Frqglwlrqv LY 0 [LL zlwk n @ n  dqg n @ n ¯ dqg Frqglwlrqv [LLL0[LY eh vdwlvhg1
Wkhq dv W $4















+   , >
zkhuh V    ° +, @ V   +, . V  ° +,/ wkh pdwulfhv V  +, dqg D    ° +, ehlqj ghqhg e| +6147, dqg +6153,
uhvshfwlyho|1
Uhpdun 71 Zh vkrxog srlqw rxw rqh sduwlfxodu vlwxdwlrq zkhuh wkh sursrvhg hvwlpdwlrq phwkrg lv qrw
txlwh frpsohwh/ dqg vrph dgglwlrqdo vwhsv qhhg wr eh wdnhq1 Qdpho|/ ohw xv frqvlghu wkh prghov zlwk
vshfwudo ghqvlwlhv i  +  > ===>   , > n  5> ri wkh iroorzlqj irup=
i    > ===>   >  ¢  @ i  +  > ===>   > > , @ k  +, j  +  > ===>  ff > , >
wkdw lv/ wkh sdudphwhu yhfwru  ¢ frqvlvwv ri wzr sduwv/  ¢ @ +> , > dqg wkh +vxe,yhfwru  dsshduv rqo| lq
wkh pxowlsolfdwlyh whup lq wkh h{suhvvlrqv iru wkh vshfwudo ghqvlwlhv +vhh/ iru h{dpsoh/ wkh prgho +7155, lq
wkh qh{w vhfwlrq,1 Lq vxfk d vlwxdwlrq/ wkh plqlpxp frqwudvw ixqfwlrqdo X  +, > jlyhq e| +618,/ ghshqgv
rqo| rq wkh sdudphwhu +vxe,yhfwru  dqg surgxfhv dq hvwlpdwru iru  rqo|1 Wklv fdq eh frqvlghuhg dv wkh
uvw vwhs ri wkh hvwlpdwlrq surfhgxuh1 Dq hvwlpdwlrq ri wkh uhpdlqlqj sdudphwhuv/ uhsuhvhqwhg e| wkh
+vxe,yhfwru / fdq eh irxqg lq Dqk hw do1 ^9`> wkhuh wkh fdvh ri wkh yhfwru  ri glphqvlrq 5 zdv wuhdwhg/
dqg wkh hvwlpdwlrq zdv edvhg rq wkh xvh ri wkh vshfwudo ghqvlwlhv ri rughuv 5 dqg 61 Wkh surfhgxuh ri
hvwlpdwlrq ri  lq wkh jhqhudo fdvh +wkdw lv/ zkhq  lv ri glphqvlrq p  6, fdq eh grqh dqdorjrxvo|
wr Dqk hw do1 ^9`1 Zh phqwlrq wkdw wkh vshfwudo hvwlpdwhv a ¯ ª  +z, @ U L ¯










n @ 6> ===>p.4/ jlyhq e| wkh irupxodh +6143, dqg +6144, qhhg wr eh eurxjkw lqwr wkh dqdo|vlv lq rughu wr
rewdlq wkh hvwlpdwh iru wkh yhfwru 1
Uhpdun 81 Wkh surriv ri rxu pdlq uhvxowv uho| rq odujh vdpsoh surshuwlhv ri wkh vdpsoh vshfwudo
ixqfwlrqdov M 

+*, vwdwhg lq Vhfwlrq 5 +vhh +518,,1 Wkhlu surriv duh edvhg rq wkh uhsuhvhqwdwlrq ri
wkh fxpxodqwv ri wkhvh ixqfwlrqdov lq wkh irup ri vlqjxodu lqwhjudov dqg hydoxdwlrq ri wkhlu dv|pswrwlf
ehkdylru1 Wklv whfkqltxh zdv hoderudwhg lq Ehqwnxv ^44/ 45` dqg Ehqwnxv dqg Uxwndxvndv ^48`1 Krzhyhu/
lq rxu dssurdfk zh irupxodwh pruh jhqhudo frqglwlrqv rq wkh vhfrqg0 dqg kljkhu0rughu vshfwud dv zhoo
dv rq wkh zhljkw ixqfwlrq *> wkhvh frqglwlrqv duh irupxodwhg lq vxfk d zd| wkdw wkh vshfwudo ghqvlwlhv
dqg zhljkw ixqfwlrq duh wuhdwhg vlpxowdqhrxvo| dqg wklv doorzv xv wr dyrlg wkh xvh ri vxfk uhvwulfwlyh
frqglwlrqv dv erxqghgqhvv ru vtxduh lqwhjudelolw| ri vshfwudo ghqvlwlhv ru vxppdeolw| ri fxpxodqwv1 Wkh
frqglwlrqv iru vdpsoh vshfwudo ixqfwlrqdov lqgxfh wkh fruuhvsrqglqj vhw ri frqglwlrqv qhhghg wr vwdwh
wkh pdlq uhvxowv rq frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri rxu hvwlpdwruv1 Iru wkh fdvh n @ 5> wkhvh
frqglwlrqv duh edvlfdoo| dqdorjrxv wr wkrvh lpsrvhg rq wkh vhfrqg0rughu vshfwudo ghqvlw| dqg vprrwklqj
ixqfwlrq lq Kh|gh dqg Jd| ^67` iru olqhdu surfhvvhv +vhh Frqglwlrq D dqg Wkhruhp 4 wkhuh,/ dowkrxjk
rxu vhw ri frqglwlrqv kdv ehhq ghgxfhg iurp d glhuhqw whfkqltxh1 Iru olqhdu prghov dqg wkh fdvh
n A 5> dqg dvvxplqj wkdw wkh zhljkwv duh surshuo| idfwrul}hg/ rxu frqglwlrqv/ zklfk duh ri wkh irup ri
lqwhjudelolw| ri surgxfwv ri vshfwudo ghqvlwlhv dqg zhljkwv/ fdq eh vlpsolhg1 Qdpho|/ iru dqdo|vlv ri wkh
lqwhjudov ri surgxfwv ri vshfwudo ghqvlwlhv xvhg lq rxu frqglwlrqv/ wkh jhqhudol}hg Kùoghu pdfklqhu| fdq
eh xvhg wr uhirupxodwh wkh frqglwlrqv lq wkh irup ri lqwhjudelolw| ri vshfwudo ghqvlwlhv wkhpvhoyhv1 Khuh
wkh dssurdfk ri Dyudp dqg Wdttx ^:` edvhg rq d jhqhudol}dwlrq ri wkh Kùoghu0\rxqj lqhtxdolw|/ zklfk
kdv ehhq uhfhqwo| nqrzq dv wkh Kùoghu0Eudvfdps0Olhe0Eduwkh lqhtxdolw|/ lv dssolfdeoh1 Wklv dssurdfk
u0v wxwxy=z={|zxzx}~rz=~z=|y=z=}xMx9y'{=z
dovr zrunv iru vrph sduwlfxodu prghov zkhuh vshfwudo ghqvlwlhv duh idfwrul}deoh1 Ri frxuvh/ rxu vhw ri
frqglwlrqv lv vdwlvhg iru wkh prghov zlwk erxqghg vshfwudo ghqvlwlhv/ zkhuh zhljkwv vkrxog eh xvhg iru
wkh frqwlqxrxv0wlph fdvh1 Lq Dqk hw do1 ^9`/ wkh shuirupdqfh ri wkh sursrvhg hvwlpdwlrq phwkrg kdv
ehhq looxvwudwhg iru wkh fdvhv n @ 5> 6 zlwk wkh xvh ri vlpxodwhg gdwd1
71 Dssolfdwlrqv
Lq wklv vhfwlrq zh glvfxvv vhyhudo vlwxdwlrqv lq zklfk wkh xvh ri kljkhu0rughu lqirupdwlrq lv qhhghg iru
vwdwlvwlfdo lqihuhqfh1 Zh zloo qrw suhvhqw wkh vroxwlrqv wr doo wkh vlwxdwlrqv frqvlghuhg/ exw udwkhu vkrz
fhuwdlq zd|v lq zklfk rxu uhvxowv fdq eh h{sorlwhg1 Iru d ixqfwlrq i +  > ===> 
Æ
, ri q yduldeohv> q 5 Q> lwv
v|pphwul}hg yhuvlrq lv jlyhq e|
+714, v|p

4ª « « « ª
Í


















ghqrwhv wkh vhw ri shupxwdwlrqv ri wkh qxpehuv i4> ===> qj =
H{dpsoh 41 Grssohu surfhvvlqj xvlqj wkh wulvshfwuxp1
Gz|hu ^57` dqg Dqghuvrq hw do1 ^5` lqyhvwljdwhg wkh xvh ri kljkhu0rughu lqirupdwlrq iurp vljqdov zklfk
kdyh xqghujrqh Jdxvvldq dpsolwxgh prgxodwlrq zlwklq wkh gxudwlrq ri wkh zdyhirup1 Vxfk prgxodwlrq
lv uhvsrqvleoh iru Grssohu vsuhdglqj ri vn|zdyh vrqdu vljqdo dqg pd| zhoo frqwulexwh wr revhuyhg Grssohu
vsuhdglqj ri vn|zdyh udgdu vljqdo lq wkh frxuvh ri wkhlu sdvvdjh wkurxjk wkh wxuexohqw lrqrvskhulf sodvpd1
Wklv dssurdfk lv edvhg rq wkh prgho
\ +w, @ ] +w,[ +w, > w 5 U>
zkhuh \ +w, lv wkh uhfhlyhg vljqdo/ [ +w, lv wkh zdyhirup dqg ] +w, lv wkh dpsolwxgh prgxodwlrq surfhvv/
zklfk lv lqghshqghqw ri [ +w, = Qrwlqj wkdw
f Ï +, @ fry +\ +w, > \ +w. ,, @ fry +] +w, > ] +w. ,, fry +[ +w, > [ +w. ,,
@ f Ð +, f Ñ +, >
dqg fkrrvlqj
\ +w, @ ] +w, h   ©K Á  ²Ò ¬
zlwk ! xqlirupo| glvwulexwhg rq ^3> 5` > zh jhw
f Ï +, @ f Ð +, h   ÁtÓ =
Zh qrz dvvxph wkdw ] +w, lv d Jdxvvldq Ruqvwhlq0Xkohqehfn surfhvv zklfk lv jryhuqhg e| wkh vwrfkdvwlf
glhuhqwldo htxdwlrq +VGH,
+715, g] +w, @ ] +w,gw. gZ +w, > w 5 U>
zkhuh  A 3 dqg Z +w, lv d rqh0glphqvlrqdo Eurzqldq prwlrq ru Zlhqhu surfhvv vxfk wkdw HE +w, @ 3>
HE ¯ +w, @ mwm = Lq wklv fdvh




­ >  5 U>
dqg wkh vhfrqg0rughu vshfwudo ghqvlw| ri \ +w, lv jlyhq e|
+717, i Ï¯ +, @ i Ï¯ +>    , @ 45
 ¯
+    , ¯ .  ¯ >  5 U>
zkhuh wkh prvw lpsruwdqw sdudphwhu ri Grssohu hhfw lv    5 U= Krzhyhu/ dv  $ 4/ iurp +716, dqg
+717, zh rewdlq
+718, i Ï¯ +,$ 45 > f
Ð +,$  +, =
Wklv uhsuhvhqwv jhqhudol}hg Jdxvvldq zklwh qrlvh1 Wkdw lv/ wkh vljqdo lv orvw lq vwdwlrqdu| Jdxvvldq qrlvh1
Rq wkh rwkhu kdqg/ wkh wulvshfwuxp i Õ +  >  ¯ >  Ö , @ i Õ +  >  ¯ >  Ö >    , kdv dq h{solflw irup +vhh Dq0
ghuvrq hw do1 ^5`, dqg olp
Ô
ÂnÃ
i Ï +  >  ¯ >  ¯ >    , fuxfldoo| ghshqgv rq wkh sdudphwhu    > |lhoglqj wkdw wkh
vljqdo vxuylyhv lq wkh irxuwk rughu diwhu prgxodwlrq e| Jdxvvldq zklwh qrlvh1 Lq idfw/ ohw xv dvvxph wkdw
3      ¯   Ö = Wkhq
H\ +w,\ +w.   ,\ +w.  ¯ ,\ +w.  Ö , @ H+] +w,] +w.   ,] +w.  ¯ ,] +w.  Ö ,
9IyLA9LGry=}Kz=I~o~ozr~'9Kz={=G{=~oLK=~Kz=I=JyLGz u0
h   ©K Á  ²'Ò ¬ h   ©K Á ©  ²Ó  ¬ ²'Ò ¬ h  ©K Á ©  ²Ó ° ¬ ²'Ò ¬ h  ©K Á ©  ²Ó× ¬ ²'Ò ¬ ,
@ h    Á4Ó  h   Á4Ó ° h   ÁtÓ × ^fry +] +w, > ] +w.   ,, fry +] +w.  ¯ , > ] +w.  Ö ,,
.fry +] +w, > ] +w.  ¯ ,, fry +] +w.   , > ] +w.  Ö ,,
.fry +] +w, > ] +w.  Ö ,, fry +] +w.   , > ] +w.  ¯ ,,`




































+719, fxp +\ +w, > \ +w.   , > \ +w.  ¯ , > \ +w.  Ö ,, @ h    Á4Ó  5 h
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+  .    , ¯ .  ¯
 ¯
+ Ö     , ¯ .  ¯  + ¯  5
  ,g  g ¯ g Ö =
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+ Ö     , ¯ .  ¯  + ¯ .  Ö  5
  , =
Dv $4> wklv whup ri wkh wulvshfwuxp kdv wkh olplw
4
+5, Ö  + ¯ .  Ö  5
  , >
zklfk ghshqgv rq    = Irupdoo| zh fdq frqup wklv hhfw iru wkh frpsohwh h{suhvvlrq ri i Õ +  >  ¯ >  Ö >    ,1
Lq idfw/ iru 3      ¯   Ö > dqdorjrxvo| wr wkh ghulydwlrq ri wkh whup +71:,/ zh rewdlq iurp +719, wkh
iroorzlqj h{suhvvlrq iru wkh uvw sduw ri wkh wulvshfwuxp=
i ©  ¬
Õ
+  >  ¯ >  Ö >    , @ 4+5, Ö
+  ¯
+  .    , ¯ .  ¯
 ¯




+ Ö     , ¯ .  ¯
 ¯
+ ¯     , ¯ .  ¯  +  .  Ö ,
. 
¯
+ Ö     , ¯ .  ¯
 ¯
+ ¯     , ¯ .  ¯  +  .  ¯ ,

%  ¯
+      , ¯ .  ¯
 ¯
+ Ö     , ¯ .  ¯  + ¯ .  Ö ,
. 
¯
+ ¯     , ¯ .  ¯
 ¯
+ Ö     , ¯ .  ¯  +  .  Ö ,
. 
¯
+ Ö     , ¯ .  ¯
 ¯
+ ¯     , ¯ .  ¯  + ¯ .   ,
&,
=
Dv $4> wkh odvw h{suhvvlrq kdv wkh olplw
4
+5, Ö ^ + ¯ .  Ö  5
  ,  + ¯ .  Ö ,` =
Wr frqwlqxh wklv surfhgxuh/ zh kdyh wr frqvlghu wkh iroorzlqj wkuhh uhjlrqv=    3   ¯   Ö >   
 ¯  3   Ö dqg     ¯   Ö  3> dqg wr shuirup vlplodu frpsxwdwlrqv1 Wkhq wkh irxuwk0rughu vshfwudo
ghqvlw| lv rewdlqhg e| vxpplqj xs doo wkh uhvxowlqj whupv rewdlqhg e| frqvlghulqj doo shupxwdwlrqv ri
u ® wxwxy=z={|zxzx}~rz=~z=|y=z=}xMx9y'{=z
wkh vxevfulswv 4061 Wkh uhvxow lv wkdw wkh sdudphwhu    lv suhvhuyhg lq wkh irxuwk0rughu lqirupdwlrq hyhq
lq Jdxvvldq qrlvh1 Wkxv zh pd| xvh rxu plqlpxp frqwudvw phwkrg zlwk n @ 7 iru wkh hvwlpdwlrq ri    =
Wklv surfhgxuh lv pruh vwdeoh wkdq d surfhgxuh edvhg rq wkh vhfrqg0rughu lqirupdwlrq lq ylhz ri wkh
gdqjhu ri orvv ri wkh vljqdo lq Jdxvvldq qrlvh1
Uhpdun1 Vrph ixuwkhu dssolfdwlrqv ri elvshfwudo dqdo|vlv wr udgdu vljqdov zhuh jlyhq lq Mrxu| ^74` dqg
Sh}hvknl dqg Fkdqgudq ^7<`1 Wkh odwwhu sdshu zdv ghyrwhg wr dssolfdwlrqv ri kljkhu0rughu vshfwud wr
pdjqhwlfdoo| exfnohg ehdp1
H{dpsoh 51 Elvshfwuxp ri d glxvlrq surfhvv zlwk olqhdu jhqhudwru1
Zh xvh vrph lghdv dqg idfwv iurp \dpdgd dqg Zdwdqdeh ^88`/ Lnhgd dqg Zdwdqdeh ^73` dqg Ljoöl
dqg Whugln ^6<`1 Ohw xv frqvlghu wkh VGH
+71;, g\ +w, @ + 5\ +w,,gw. 5s\ +w,gZ +w, > w 5 U>
zkhuh zh dvvvxph wkdw \ +3,  3>  A 3>  5 U>  A 3 dqgZ +w, lv d vwdqgdug Zlhqhu surfhvv zlwk phdq
}hur dqg yduldqfh HZ ¯ +w, @ mwm = Wkh htxdwlrq +71;, kdv d xqltxh vwurqj vroxwlrq +Lnhgd dqg Zdwdqdeh
^73`/ Wkhruhp LY1615,1 Zh fdoo wklv vroxwlrq \ +w, d glxvlrq surfhvv zlwk olqhdu jhqhudwru +GOJ,/ vlqfh
erwk frh!flhqwv ri lwv jhqhudwru




duh olqhdu ixqfwlrqv1 Zh ghqrwh
g @  ¯ =
Wkh surfhvv \ +w, lv dovr fdoohg d Ehvvho surfhvv ru vtxduh0urrw glxvlrq surfhvv1 Wklv surfhvv kdv uhfhqwo|
ehhq xvhg lq qdqfldo prghoolqj +vhh Fr{ hw do1 ^55`,1 Li g lv d qrqqhjdwlyh lqwhjhu dqg  A 3> wkh GOJ
surfhvv lv wkh udgldo sduw ri d g0glphqvlrqdo Ruqvwhlq0Xkohqehfn surfhvv/ wkdw lv/





[ ¯ +w, >
zkhuh [  +w, > l @ 4> ===> g duh lqghshqghqw frslhv ri d Jdxvvldq Ruqvwhlq0Xkohqehfn surfhvv [ +w, zlwk
}hur phdq dqg fryduldqfh ixqfwlrq









frv +, i Ñ¯ +,g>
dqg vhfrqg0rughu vshfwudo ghqvlw|
+7144, i Ñ¯ +, @ 45
 ¯
 ¯ .  ¯ >  5 U
+vhh Ljoöl dqg Whugln ^6<`,1 Qrwh wkdw [ +w, lv wkh Lw÷ vroxwlrq ri wkh VGH
+7145, g[ +w, @ [ +w,gw. gZ +w, > w 5 U>
zkhuh Z +w, lv d vwdqgdug Zlhqhu surfhvv1 Iurp +71<, zh rewdlq wkdw wkh pdujlqdo glvwulexwlrq ri wkh
surfhvv \ +w, lv d fkl0vtxduh glvwulexwlrq1 Pruhryhu/ lw fdq eh vkrzq wkdw iru  A 3 dqg w $ 4 wkhuh
h{lvwv d vwdwlrqdu| glvwulexwlrq ri wkh surfhvv \ +w, +vhh Ljoöl dqg Whugln ^6<`,1 Wkh vwdwlrqdu| glvwulexwlrq
ri d GOJ surfhvv lv d jdppd glvwulexwlrq  g@5>  ¯ @ > wkdw lv/ wkh ghqvlw| ixqfwlrq ri wkh pdujlqdo
glvwulexwlrq ri d vwdwlrqdu| GOJ surfhvv lv ri wkh irup






 h ÙÔ³tÚ °
+ ¯ @, ¿ ³ ¯ +g@5, > { A 3=
Lw iroorzv iurp Sursrvlwlrqv ; dqg < ri Ljoöl dqg Whugln ^6<` wkdw wkh vhfrqg0rughu vshfwudo ghqvlw| ri d
vwdwlrqdu| GOJ surfhvv zlwk pdujlqdo ghqvlw| +7146, lv ri wkh irup






 ¯ . 7 ¯ >  5 U>
zkloh wkh wklug0rughu vshfwudo ghqvlw| +elvshfwuxp, wdnhv wkh irup
+7148, i Ï
Ö
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Khqfh i Ï
Ö
+  >  ¯ , lv d uhdo0ydoxhg dqg srvlwlyh ixqfwlrq/ zklfk lv txlwh xqxvxdo lq wkh wkhru| ri kljkhu0
rughu vshfwudo ghqvlwlhv1 Qrwh wkdw wkh vhfrqg0rughu vshfwuxp +7147, ri wkh vwdwlrqdu| GOJ surfhvv \ +w,
lv wkh vdph dv wkdw ri d Jdxvvldq Ruqvwhlq0Xkohqehfn surfhvv [ +w, +vhh +7144,, xs wr frqvwdqwv1 Wkxv zh
fdqqrw xvh vhfrqg0rughu lqirupdwlrq iru whvwlqj wkh k|srwkhvlv= K   = ] +w, @ [ +w, djdlqvw wkh dowhuqdwlyh
K  = ] +w, @ \ +w, > zkhuh ] +w, > 3  w  W lv dq revhuydwlrq surfhvv1 Krzhyhu/ wkh wklug0rughu vshfwudo
ghqvlwlhv ri wkhvh wzr glhuhqw surfhvvhv [ +w, dqg \ +w, duh txlwh glhuhqw1 Lq idfw i Ñ
Ö
+  >  ¯ ,  3 zkloh
i Ï
Ö
+  >  ¯ , lv jlyhq e| +7149,1 Wkxv zh pd| dsso| rxu Wkhruhpv 4 dqg 5 zlwk n @ 5 dqg n @ 6 wr
hvwlpdwh wkh xqnqrzq sdudphwhu  A 3= Wkhq wkh zlgwk ri wkh dv|pswrwlf frqghqfh lqwhuydo edvhg rq
Wkhruhp 5 shuplwv xv wr frqvwuxfw d uhdvrqdeoh dv|pswrwlf whvw iru fkhfnlqj wkh k|srwkhvlv K   djdlqvw
wkh dowhuqdwlyh K  =
H{dpsoh 61 Elolqhdu vwrfkdvwlf v|vwhpv zlwk Eurzqldq prwlrq lqsxw1
Ohw xv frqvlghu wkh VGH
+714:, g\ +w, @ +. \ +w,,gw. + . \ +w,,gZ +w, > w 5 U>
zkhuh Z +w, lv d vwdqgdug Eurzqldq prwlrq dqg > > >  duh frqvwdqwv1 Wkh surfhvv \ +w, lv d srvvleoh
prgho iru wkh lqwhuhvw udwh +vhh Fkdq hw do 1 ^54`,1
Li  @ 3>  ? 3>  @ 3> wkh surfhvv \ +w, lv wkh Jdxvvldq Ruqvwhlq0Xkohqehfn surfhvv zlwk fryduldqfh
ixqfwlrq +7143, dqg vshfwudo ghqvlw| +7144, lq zklfk  vkrxog eh uhsodfhg e| =
Zh qrz frqvlghu wkh fdvh zkhuh > >  dqg  duh frpsoh{ qxpehuv +vhh Ljoöl dqg Whugln ^6;`,1 Wkh
vroxwlrq ri +714:, lv nqrzq +Ndooldqsxu ^75`/ s1 444,=
\ +w, @ h+ Ô=Û
°
³




h  + Ô=Û
°
³





h  + Ô=Û
°
³
¯ , Ý =ÛsÜ © Ý ¬ gZ +v, =
Zkhq  @ 3>Uh ? 3>  9@ 3> wklv surylghv wkh vwdwlrqdu| Jdxvvldq Ruqvwhlq0Xqohqehfn surfhvv +ohw xv
ghqrwh lw e| \ Þ +w,, zlwk phdq
H\ Þ +w, @ @>
fryduldqfh ixqfwlrq




 > w A 3>
U +w, @ U +w,> w ? 3>
dqg vhfrqg0rughu vshfwudo ghqvlw|
+714<, i ¯ +, @ U +3,Uh ml m ¯ >  5 U=
Zkhq mm ¯ . mm ¯ A 3>  9@ 3>  9@ 3> Uh ? 3> 5Uh . mm ¯ ? 3> wkhq wkhuh h{lvwv wkh vwdwlrqdu|
qrq0Jdxvvldq vroxwlrq ri +714:,1
Dvvxph wkdw  @ 3 dqg  9@ 3= Wkhq zh rewdlq d vwdwlrqdu| qrq0Jdxvvldq surfhvv \ ¼ Þ +w, zlwk
H\ ¼ Þ +w, @ @>
fryduldqfh ixqfwlrq





h Ô  > w A 3>
U +w, @ U +w,> w ? 3>
u0¾ wxwxy=z={|zxzx}~rz=~z=|y=z=}xMx9y'{=z
dqg vhfrqg0rughu vshfwudo ghqvlw|
+7153, i ¯ +, @ U +3,Uh ml m ¯ >  5 U=
Zh vhh wkdw wkhuh lv qr glhuhqfh ehwzhhq wkh vhfrqg0rughu vshfwudo ghqvlw| +714<, ri d Jdxvvldq vwdwlrq0
du| Ruqvwhlq0Xkohqehfn surfhvv \ Þ +w, dqg wkh vhfrqg0rughu vshfwudo ghqvlw| +7153, ri d qrq0Jdxvvldq
vwdwlrqdu| surfhvv \ ¼ Þ +w, ghqhg e| +714:, zlwk  @ 3 +wkhvh vshfwudo ghqvlwlhv glhu rqo| lq d pxowlsolfd0
wlyh frqvwdqw whup uhsuhvhqwhg e| U +3,,1 Wkhuhiruh lw lv qhfhvvdu| wr frqvlghu kljkhu0rughu vshfwud iru d
whvwlqj ri wkh k|srwkhvlvK   = ] +w, @ \ ¼ Þ +w, qrq0Jdxvvldq/ djdlqvw wkh dowhuqdwlyhK  = ] +w, @ \ Þ +w, > d
Jdxvvldq Ruqvwhlq0Xkohqehfn surfhvv1 Wkh kljkhu0rughu vshfwudo ghqvlwlhv fdq eh irxqg iurp wkh fkdrwlf
uhsuhvhqwdwlrq ri wkh surfhvv +714;, +Ljoöl dqg Whugln ^6;`,1 Qrwh wkdw vlplodu hhfwv krog iru iudfwlrqdo
Eurzqldq prwlrq lqsxw +Ljoöl dqg Whugln ^6;`,1 Lq rughu wr glvwlqjxlvk ehwzhhq wkh Jdxvvldq +k|srwkhvlv
K  , dqg qrq0Jdxvvldq +k|srwkhvlv K   , fdvhv/ zh fdq xvh vxfk sdudphwhuv dv vnhzqhvv

Ö









@ H] Õ +w, 6H] ¯ +w, @ f Ð
Õ






+  >  ¯ >  Ö ,g  g ¯ g Ö =
Wkhvh sdudphwhuv duh htxdo wr }hur xqghu K  = Frqvlvwhqw hvwlpdwhv ri wkhvh sdudphwhuv fdq eh ghulyhg
iurp rxu vwdwlvwlfv +6143, dqg +6144, dqg wkhlu dv|pswrwlfv +wkh uhvxowv iru wkh dv|pswrwlf glvwulexwlrqv
ri wkh vwdwlvwlfv +6143,/ +6144, iru wkh fdvh n @ 6 fdq eh h{wudfwhg iurp Uhpdun 8 ri Dqk/ Ohrqhqnr dqg
Vdnkqr ^9`/ dqg wkh h{whqvlrq wr wkh fdvh n @ 7 lv vwudljkwiruzdug,1 Iru sudfwlfdo lpsohphqwdwlrq/ wkh
prgho fdq eh glvfuhwl}hg/ zlwk wkh fruuhvsrqglqj glvfuhwl}hg yhuvlrqv ri vshfwudo ghqvlwlhv frqvwuxfwhg
iurp zhoo0nqrzq whfkqltxhv> zh fdq fkrrvh wkh zhljkwv 4= D frpsohwh vroxwlrq ri wklv nlqg ri k|srwkhvlv
whvwlqj sureohpv qhhgv ixuwkhu wkhruhwlfdo ghyhorsphqw/ zklfk zdv qrw d sxusrvh ri wklv sdshu1
H{dpsoh 71 Qrq0Jdxvvldq olqhdu surfhvvhv1
Zh frqvlghu d vwdwlrqdu| qrq0Jdxvvldq olqhdu surfhvv
+7154, [ +w, @ p.
]
Ø
J À +w x,gO +x, >





dqg O +w, lv d Oìy| surfhvv zlwk m0wk fxpxodqw N  +dvvxphg wr h{lvw,1 Wkhq +Euloolqjhu ^49`/ H{dpsoh
6, wkh n0wk rughu vshfwudo ghqvlw| ri [ À +w, lv jlyhq e|
i  +  > ===>   > , @ +5, 'ff² N  j À +l  ,
+7155, j À +l ¯ , ===j À +l  , j À +l +  . ===.   ,, > n  5>
zkhuh wkh Odsodfh wudqvirup




h  §  J À +w,gw
ri wkh phpru| ixqfwlrq J À +w, lv dvvxphg wr h{lvw1 Eduqgru0Qlhovhq dqg Vkhuskdug ^<`/ ^43` frqvlg0
huhg qrq0Jdxvvldq Ruqvwhlq0Xkohqehfn0edvhg prghov dqg wkhlu xvhv lq qdqfldo hfrqrphwulfv1 Lq wkhvh
prghov/ wkh phpru| ixqfwlrq





¬ +w, >  A 3=
Wkh| xvhg d qrq0Jdxvvldq Oìy| surfhvv zlwk srvlwlyh mxpsv wr prgho vwrfkdvwlf yrodwlolw|1 Ixuwkhu
h{dpsohv fdq eh irxqg lq Dqk/ Kh|gh dqg Ohrqhqnr ^6`/ zkr frqvlghuhg wkh Juhhq ixqfwlrq vroxwlrqv ri
Odqjhylq ru iudfwlrqdo Odqjhylq htxdwlrqv gulyhq e| Oìy| qrlvh bO +w, = Wkh vlpsohvw fdvh lv wkh rqh0whup
htxdwlrq
D ggw[ +w, . F[ +w, @ bO +w, >
9Iy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D dqg F ehlqj frqvwdqwv1 Wkh Juhhq ixqfwlrq vroxwlrq wkhq wdnhv wkh irup +7154, zlwk wkh Juhhq ixqfwlrq








Wkhuhiruh/ wkh vshfwudo ghqvlwlhv ri wkh surfhvv [ +w, duh ri wkh irup +7155, zlwk
j +s, @ 4Ds. F =
Lq sduwlfxodu/
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zkhuh +, @ orjH h{s ilO +4,j > wkh fkdudfwhulvwlf h{srqhqw iru wkh xqghuo|lqj Oìy| surfhvv1 Frqvlghu
wkh fdvh D @ 4 dqg  @ F =
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Ghqrwh




+5, »t l » >
zkhuh  lv wkh sdudphwhu yhfwru ri wkh Oìy| surfhvv1 Zh pd| frqvlghu wzr vlwxdwlrqv=
+l, Xvh ri wkh vhfrqg0rughu vshfwudo ghqvlw| dqg wkh ixqfwlrqdo X  +, zlwk n @ 5




fruuhvsrqglqj uhvxowv surylghg lq Vhfwlrq 6 duh
41 Wkh plqlpxp frqwudvw hvwlpdwru eF  @ dujplqX  +F,
lv d frqvlvwhqw hvwlpdwru ri wkh sdudphwhu F> dqg wkh hvwlpdwru
M ¯ ª  +z, @
]
Ø
L ¯ +,z +,g
lv d frqvlvwhqw hvwlpdwru iru M ¯ +z>F> , @ UØ i ¯ +>F> ,z +,g=
51 Dv|pswrwlf qrupdolw|=
W 4³ ¯
 eF   F    ¿$ Q 3> d   v  ¯   >




i ¯ +>F> ,z +, C
¯
CF ¯ orj# +>F,g
@ k ¯ +,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Ø
z +,# +>F, C
¯
CF ¯ orj# +>F, g>
d +F> , @ 5^k Õ +,  ¯ +F, ¯ ]
Ø
°
z +,z +, CCF# +>F,
C
CF# +>F,gg








+ll, Xvh ri wkh wklug0rughu vshfwudo ghqvlw| dqg wkh ixqfwlrqdo X  +, zlwk n @ 6
Lq wklv vlwxdwlrq  @ F/ X  +, @ X  +F,1 Zh fdq fkrrvh wkh zhljkw ixqfwlrq z ©  ¬
Ö










dqg frqvlghu wkh ixqfwlrqdo
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Wkh fruuhvsrqglqj uhvxowv duh
41 Wkh plqlpxp frqwudvw hvwlpdwru eF  @ dujplqY  +F,
lv d frqvlvwhqw hvwlpdwru ri wkh sdudphwhu F> dqg wkh hvwlpdwru
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lv d frqvlvwhqw hvwlpdwru iru M Ö +z>F> , @ UØ ° Uh i Ö +  >  ¯ ,z ©  ¬
Ö
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Qrwh wkdw/ lq wklv sduwlfxodu fdvh/ wkh jhqhudo irupxod +6148, dsshduv lq d vlpsoh irup zlwk rqo| wkh
h{suhvvlrq iru wkh wklug0rughu vshfwudo ghqvlw| i Ö +  >  ¯ , lqyroyhg1
H{dpsoh 81 Hvwlpdwlrq ri sdudphwhuv ri d qrq0Jdxvvldq vljqdo lq wkh suhvhqfh ri Jdxvvldq qrlvh1
Ohw xv frqvlghu wkh sureohp ri hvwlpdwlrq ri dq xqnrzq sdudphwhu yhfwru  5   U ´ ri d vwulfwo|
vwdwlrqdu| qrq0Jdxvvldq surfhvv [ À +w, lq wkh suhvhqfh ri d vwdwlrqdu| Jdxvvldq qrlvh surfhvv Q ä +w,
zklfk ghshqgv rq d sdudphwhu yhfwru  5   U Ý = Lq pdq| vlwxdwlrqv  dqg  kdyh glhuhqw qdwxuhv1
Zh dovr dvvxph wkdw wkh surfhvvhv [ À +w, dqg Q ä +w, duh lqghshqghqw1
Kdylqj revhuyhg wkh surfhvv
+7156, \ +w, @ [ À +w, .Q ä +w,
ryhu wkh lqwhuydo ^3> W ` > zh duh lqwhuhvwhg lq wkh vwdwlvwlfdo lqihuhqfh ri wkh surfhvv [ À +w, = Zh dvvxph
wkdw wkh vshfwudo ghqvlwlhv i Ñ

+  > ===>   > , > n  5 ri wkh surfhvv [ À +w, h{lvw1 Wkh vshfwudo ghqvlwlhv
i ¼

+  > ===>  ff > , ri wkh Jdxvvldq surfhvv Q ä +w, h{lvw dqg i ¼

 3 iru n  6= Wkhuhiruh/ wkh vshfwudo
ghqvlwlhv ri wkh surfhvv \ +w, duh ri wkh irup
+7157, i Ï¯ +> > , @ i Ñ¯ +> , . i ¼¯ +> , >
+7158, i Ï

+  > ===>   > , @ i Ñ

+  > ===>   > , > n  6=
Zh revhuyh wkdw wkh vshfwudo ghqvlwlhv i Ï

> n  6 gr qrw ghshqg rq wkh sdudphwhu  ri wkh qrlvh surfhvv/
zklfk pd| kdyh d udwkhu frpsoh{ vwuxfwxuh1 Li zh duh lqwhuhvwhg lq wkh hvwlpdwlrq ri wkh sdudphwhu yhfwru
 ri wkh vljqdo/ lw lv uhdvrqdeoh wr xvh wkh dqdo|wlfdo lqirupdwlrq rq  frqwdlqhg lq wkh kljkhu0rughu vshfwudo
ghqvlwlhv i Ï

+  > ===>  ff > , = Zh fdq dsso| Wkhruhp 4 wr frqvwuxfw d frqvlvwhqw hvwlpdwru e  iru wkh
sdudphwhu  + zh pd| fkrrvh/ iru h{dpsoh/ n @ 6 ,1 Dv iru wkh dv|pswrwlf qrupdolw| ri wkh hvwlpdwrue  / zh fdq dsso| Wkhruhp 51 Zh vkrxog qrwh/ krzhyhu/ wkdw wkh dv|pswrwlf yduldqfh lq Wkhruhp 5
ghshqgv rq wkh vhfrqg0rughu lqirupdwlrq wkurxjk wkh h{suhvvlrqv +6148, dqg +51:,1 Khuh zh fdq surfhhg
dv iroorzv1 Dq rswlrq lv wr frqvwuxfw qrq0sdudphwulf hvwlpdwhv ri wkh vshfwudo ixqfwlrqdov dsshdulqj
lq wkh h{suhvvlrq iru wkh fryduldqfh pdwul{/ dqg wkhuhiruh dq hvwlpdwh iru wklv pdwul{ lv rewdlqhg1 Lq
wklv rswlrq/ d ixuwkhu ghyhorsphqw ri wkh wkhru| lv qhhghg wr h{whqg wkh uhvxowv ri Vhfwlrq 5 wr rwkhu
w|shv ri vshfwudo ixqfwlrqdov/ zklfk zloo dfwxdoo| eh olqhdu ixqfwlrqdov ri vshfwudo ghqvlwlhv1 Rq wkh rwkhu
kdqg/ kdylqj hvwlpdwhg / zh fdq uhwxuq wr wkh hvwlpdwlrq ri wkh sdudphwhu yhfwru  ri wkh Jdxvvldq
surfhvv Q ä +w, iurp wkh vhfrqg0rughu vshfwudo ghqvlw| +7158, e| vxevwlwxwlqj wkhuh e  lqvwhdg ri = Zh
fdq dsso| djdlq rxu plqlpxp frqvwudvw ixqfwlrqdo/ qrz zlwk n @ 5> dqg rewdlq wkh hvwlpdwh e

ri wkh
sdudphwhu = Wkh txhvwlrq rq wkh mrlqw dv|pswrwlf qrupdolw| ri e  dqg e

fdq eh vroyhg zlwk wkh xvh
ri wkh ghowd0phwkrg +dqdorjrxv wr wkh vlwxdwlrq frqvlghuhg lq Uhpdun 8 ri Dqk/ Ohrqhqnr dqg Vdnkqr
^9`,1
Zh dovr revhuyh wkdw vrph ixqfwlrqdov ri wkh vljqdo fdq eh frqvlvwhqwo| hvwlpdwhg e| xvlqj kljkhu0rughu
lqirupdwlrq1 Vxssrvh wkdw lq wkh prgho +7156, wkh vljqdo [ À +w, lv ri wkh irup +7154,/ zkhuh wkh phpru|
ixqfwlrq lv





¬ +w, > F A 3=
Wkh wklug0rughu vshfwudo ghqvlw| i Ö +  >  ¯ > f, ri wkh prgho +7156, grhv qrw ghshqg rq wkh sdudphwhu 
ri wkh qrlvh surfhvv/ zkloh wkh vhfrqg0rughu vshfwudo ghqvlw| grhv +vhh +7157,,1 E| Wkhruhpv 4 dqg 5 wkh
ixqfwlrqdo






+  >  ¯ ,z ©  ¬
Ö
+  >  ¯ ,g  g ¯
lv d frqvlvwhqw hvwlpdwru iru




Uh i Ö +  >  ¯ > f,z ©  ¬
Ö
+  >  ¯ ,g  g ¯ >
v4Ë wxwxy=z={|zxzx}~rz=~z=|y=z=}xMx9y'{=z
zklfk grhv qrw ghshqg rq wkh sdudphwhu ri wkh qrlvh surfhvv1 Wkh zhljkw ixqfwlrq z ©  ¬
Ö
+  >  ¯ , lv d
ixqfwlrq vdwlvi|lqj wkh frqglwlrqv ri Wkhruhpv 4 dqg 51
D vlplodu vlwxdwlrq dsshduv zkhq zh revhuyh wkh surfhvv +7156, lq zklfk wkh vljqdo [ À +w, kdv d elolqhdu
vwuxfwxuh=
+7159, [ À +w, @
]
Ø




e À +w x> w z,gZ +x,gZ +z, >
zkhuhZ +w, lv d vwdqgdugZlhqhu surfhvv/ d À +x, dqg e À +x>z, kdyh Irxulhu wudqvirupv D À +, > E À +  >  ¯ ,











Lq wkh suhvhqfh ri d frpsolfdwhg Jdxvvldq qrlvh surfhvvQ ä +w, > wkh vhfrqg0rughu vshfwudo ghqvlw| i Ï¯ +, ri
wkh surfhvv +7156, wdnhv wkh irup +7157, zklfk fdq eh frpsoh{ iru pdq| vshfwudo ghqvlwlhv i ¼¯ +> , = Dovr
lw ghshqgv rq wzr sdudphwhuv  dqg > zkloh wkh wklug0rughu vshfwudo ghqvlw| +elvshfwuxp, i Ï
Ö
+  >  ¯ > , @
i Ñ
Ö
+  >  ¯ > , grhv qrw ghshqg rq wkh sdudphwhu  ri wkh qrlvh surfhvv Q ä +w, = Wklv pdnhv lw txlwh
uhdvrqdeoh wr xvh wkh elvshfwuxp iru wkh hvwlpdwlrq ri wkh xqnqrzq sdudphwhu  ri d vljqdo [ À +w, ri wkh
irup +7159,1 Pruhryhu/ wkh elvshfwuxp wdnhv wkh dqdo|wlfdo irup
i Ö +  >  ¯ > , @ 5+5, Ö ^D À +  ,D À + ¯ ,E À +  > ¯ ,










E À +>    ,E À + ¯ . >,E À +   >  ¯ , g`>+715:,









lv ghqhg e| +714,1 Li zh fkrrvh vrph vshflf
irupv iru wkh Irxulhu wudqvirupv D À +, dqg E À +  >  ¯ , ri wkh wudqvihu ixqfwlrqv d À +x, dqg e À +x>z, lq
+715:,/ zh zloo rewdlq dq h{solflw h{suhvvlrq iru wkh elvshfwuxp +715:, zklfk wkhq fdq eh xvhg lq wkh
plqlpl}dwlrq ri wkh frqwudvw ixqfwlrqdo +618, zlwk n @ 6/ s @ t @ 4@5=
Iurp Wkhruhp 4/ zh rewdlq frqvlvwhqw hvwlpdwhv ri wkh ixqfwlrqdov






Uh i Ö +  >  ¯ > ,z ©  ¬
Ö
+  >  ¯ ,g  g ¯ >






Lp i Ö +  >  ¯ > ,z © ¯ ¬
Ö
+  >  ¯ ,g  g ¯
zlwk i Ö +  >  ¯ > , ehlqj jlyhq e| +715:, zklfk grhv qrw ghshqg rq wkh qrlvh surfhvv1
Zh qrz glvfxvv eulh | dq h{whqvlrq ri wkh deryh vljqdo soxv qrlvh prgho1 Ohw xv frqvlghu d sudfwlfdoo|
prwlydwhg prgho lq vljqdo surfhvvlqj suhvhqwhg lq Qlnldv dqg Shwursxox ^7;`/ Vhfwlrq 51717/ zkhuh wkh
revhuyhg surfhvv lv wkh vxp ri wkuhh lqghshqghqw surfhvvhv=
V+w, @ [+w, . \ +w, . ]+w,>
[+w, ehlqj dq DU+s  , Jdxvvldq surfhvv/ \ +w, dq PD+t, qrq0Jdxvvldq surfhvv zlwk qrq0}hur yduldqfh/
vnhzqhvv dqg nxuwrvlv/ dqg ]+w, dq DU+s ¯ , qrq0Jdxvvldq surfhvv zlwk qrq0}hur yduldqfh dqg nxuwrvlv/
exw }hur vnhzqhvv1 Wkhq zh kdyh wkh vhfrqg0rughu vshfwuxp
i æ¯ +, @ i Ñ¯ +, . i Ï¯ +, . i Ð¯ +, >
dqg wkh wklug0rughu dqg irxuwk0rughu vshfwudo ghqvlwlhv duh ri wkh irup
i æ
Ö
+  >  ¯ , @ i Ï
Ö
+  >  ¯ , dqg i æ
Õ
+  >  ¯ >  Ö , @ i Ï
Õ
+  >  ¯ >  Ö , . i Ð
Õ
+  >  ¯ >  Ö ,
uhvshfwlyho|1 Wkhuhiruh zh fdq hvwlpdwh wkh sdudphwhuv ri wkh qrq0Jdxvvldq surfhvv \ +w, iurp wkh wklug0
rughu vshfwudo ghqvlw|/ wkhq wkh sdudphwhuv ri ]+w, iurp wkh irxuwk0rughu vshfwuxp1 Wkh uhpdlqlqj
sdudphwhuv/ qdpho| wkrvh ri [+w,> fdq eh hvwlpdwhg iurp wkh vhfrqg0rughu vshfwudo ghqvlw|1
9IyLA9LGry=}Kz=I~o~ozr~'9Kz={=G{=~oLK=~Kz=I=JyLGz v-u
81 Surriv
Wkh surriv ri wkh uhvxowv ri wkh suhvhqw sdshu duh edvhg rq wkh surshuwlhv ri wkh pxowlglphqvlrqdo
nhuqhov ri Ihmìu w|sh  

+x  > ===> x  , +vhh Dsshqgl{ D,/ wkh irupxodh uhodwlqj prphqwv dqg fxpxodqwv
dqg wkh irupxodh jlylqj h{suhvvlrqv iru wkh fxpxodqwv ri surgxfwv ri udqgrp yduldeohv yld surgxfwv ri
fxpxodqwv ri wkh lqglylgxdo yduldeohv +vhh Dsshqgl{ E,1 Zh suhvhqw wkh surriv iru frqwlqxrxv0wlph fdvh1
Wkh surriv xvh wkh iroorzlqj irupxodh iru wkh fxpxodqwv ri wkh qlwh Irxulhu wudqvirup g  +, >  5 U =
























   ,j=== h{silw  

  ff j
 h{s



























































 @ 3> wkhq







+  , @  

+  > ===>   , >
zkhuh  






 @ 3> wkh irupxod +814, fdq eh zulwwhq dv
4













   > ===> 











+x  > ===> x  , i  +x  .   > ===> x  .  ff ,gx  ===gx  =
Wkh surriv duh jlyhq khuh iru wkh frqwlqxrxv0wlph fdvh1 Wkh glvfuhwh0wlph fdvh fdq eh wuhdwhg lq d vlplodu
pdqqhu zlwk wkh nhuqhov  

+x  > ===> x  , uhsodfhg e| wkh nhuqhov  

+x  > ===> x  , +vhh Dsshqgl{ D,1
Surri ri Ohppd 41
vtv wxwxy=z={|zxzx}~rz=~z=|y=z=}xMx9y'{=z
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K  +, @ * +,# +, =
Gxh wr wkh suhvhqfh ri wkh ixqfwlrq # +, zh kdyh













Lq ylhz ri wkh surshuwlhv ri wkh nhqhov  

+x, +vhh Dsshqgl{ D, zh kdyh wkdw li wkh ixqfwlrq J  +x, lv

















Surri ri Ohppd 51
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+  > ===>   , * ¯ + ff² > ===> ¯  ,

















fxp +g  +  , ===g  +  , > g  + ff² , ===g  + ¯  ,,g ¢
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+  . x  ,
4Dg ¢ >
zlwk
K ¯  +, @ *

+  > ===>   , * ¯ + -² > ===> ¯  ,# +  > ===>   , # + ff² > ===> ¯  , >
dqg wkh vxp lv wdnhq ryhu doo lqghfrpsrvdeoh sduwlwlrqv ri wkh wdeoh
4 === n
n . 4 === 5n
+vhh Dsshqgl{ E,1 Wkh vwdwhphqw ri wkh ohppd qrz iroorzv iurp Ohppdv D14 dqg D15 +vhh Dsshqgl{
D,1
Zh rplw wkh surriv ri wkh uhvxowv iru kljkhu rughu fxpxodqwv +Ohppdv 7 dqg 8, dv wkh| duh wkh vdph
dv wkrvh iru Ohppdv 4 dqg 51
Surri ri Ohppd 91

























I +, L 

+,#+,g ¢






+, = Xvlqj Ohppdv 407/ zh fdq vkrz wkdw wkh udqgrp yduldeoh W 4³ ¯ \  whqgv lq
glvwulexwlrq dv W $4 wr d qrupdo udqgrp yduldeoh zlwk phdq }hur dqg yduldqfh v ¯ jlyhq e|
















f  f  z   >
zklfk lpsolhv +5143,1
Wkh frqyhujhqfh +5144, iroorzv iurp +5143, li dvvxpswlrq LLL krogv wuxh1
Surri ri Wkhruhp 41
Lq ylhz ri dvvxpswlrqv Y/ YLLL+l, dqg Ohppd 6/ zh rewdlq
+818, X  +,$ X +, lq S   0suredelolw|/
khqfh
X  +, X  +   ,$ X +, X +   , @ N +   > , =
E| Mhqvhq*v lqhtxdolw| dqg wkh uhodwlrqv +615, wr +617,




i ©  ¬







# ©  ¬

+>    ,z
©
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i © ¯ ¬







# © ¯ ¬

+>    ,z
©
¯
¬ +,z   +,g ¢
v4® wxwxy=z={|zxzx}~rz=~z=|y=z=}xMx9y'{=z






# ©  ¬







# ©  ¬

+>    ,z
  +,g ¢






# © ¯ ¬







# © ¯ ¬

+>    ,z
  +,g ¢
 s ©  ¬





# ©  ¬

+>    ,z   +,g ¢
.t © ¯ ¬





# © ¯ ¬

+>    ,z   +,g ¢ @ 3>
wkdw lv/ N +   > ,  3 dqg N +   > , A 3 li
# ©  ¬

+>    , 9 # ©  ¬

+> , iru doo  9@    d1h1 z1u1w1 Ohehvjxh phdvxuh/ l @ 4> 5=
Ixuwkhu/ wr suryh wkh frqvlvwhqf| ri wkh hvwlpdwru e  jlyhq e| +61<,/ zh qhhg wr vkrz wkdw wkh frqyhujhqfh
+818, krogv xqlirupo| lq  5 = Khuh/ zh xvh wkh frqglwlrqv L[ dqg [1
Li wkh frqglwlrq L[ krogv/ ohw  +%, @ plq i

+%, >  ¯ +%,j > zlwk   +%, ehlqj wkh prgxoxv ri frqwlqxlw|
ri wkh ixqfwlrq k ©  ¬

+> , > l @ 4> 5= Wkhq/ zh kdyh























y ¯ +, z   +,g ¢

=+819,



















y  +, z   +, g ¢









y  +, z   +,g ¢ @ R § +4, >
zklfk lpsolhv wkdw wkh h{suhvvlrq lq wkh vtxduh eudfnhwv rq wkh uljkw0kdqg vlgh ri +819, lv R§ +4, = Wklv
frpsohwhv wkh surri1
Surri ri Wkhruhp 51
Iurp Wd|oru*v irupxod/ zh kdyh
u À X 
e   @ u À X  +   , .u À u ¢
À
X  + ó

,
e       >
zkhuh m ó

    m ?
e       >















+,z © ¯ ¬ +,z   +,u À orj# © ¯ ¬

+> ,g ¢ ,>
u À u ¢
À






+,z ©  ¬ +,z   +,
 C ¯





















+,z © ¯ ¬ +,z   +,
 C ¯















Iru vx!flhqwo| odujh W> zh kdyh
+81;, u À X  +   , @ u À u ¢
À
X  + ó

,
e       =
Li zh fdq vkrz wkdw dv W $4
4,
+81<, u À u ¢
À
X  + ó

,$ V  +   ,
9IyLA9LGry=}Kz=I~o~ozr~'9Kz={=G{=~oLK=~Kz=I=JyLGz vFº
lq S   0suredelolw|/ zkhuh wkh pdwul{ V  +   , lv jlyhq e| +6147,/ dqg
5,
+8143, W t³ ¯ u À X  +   , ¿$ Q ´ +3> D  +   ,, >
zkhuh wkh pdwul{ D  +   , lv jlyhq e| +6148,/ wkhq e| Voxwvn|*v dujxphqwv/ wkh uhodwlrq +6149, lv d frq0
vhtxhqfh ri +81;,/ +81<, dqg +8143,1 Pruh suhflvho|/ wkh iroorzlqj pxowlglphqvlrqdo yhuvlrq ri Voxwvn|*v
ohppd +vhh/ iru h{dpsoh/ ^84`, lv ri xvh khuh1












> ===>  ´ , dv W $ 4> zkhuh 

> ===>  ´ duh frqvwdqwv1 Ohw i

j eh d idplo| ri udqgrp pdwulfhv










Ohw xv suryh +81<, dqg +8143,1





+,z © ¥ ¬ +,z   +,
 C ¯













i  +>    ,z © ¥ ¬ +,z   +,
 C ¯








l> m @ 4> ===>p> o @ 4> 5> zklfk lpsolhv +81<,1 Ixuwkhu/ zh duh lqwhuhvwhg lq wkh olplwlqj glvwulexwlrq ri wkh
yhfwru W 4³ ¯ u À X  +   , zklfk fdq eh zulwwhq lq wkh irup





j ©  ¬


. t LpM 








ª « « « ª
´
+8144,
@ W 4³ ¯ +s+UhM 

+j ©  ¬






+j © ´ ²  ¬
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´ >
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dqg  @ +

> ===>  ¯t´ , ¢ lv d frpsoh{0ydoxhg Jdxvvldq yhfwru zlwk phdq }hur dqg vhfrqg0rughu prphqwv
H  

@ 5J ¯ 

3> j ©  ¬





> l> m @ 4> ===> 5p>
zlwkJ ¯  +x>*

> * ¯ > #, ehlqj jlyhq e| wkh irupxod +51:, dqg wkh ixqfwlrqv j ©  ¬

> l @ 4> ===> 5p> ehlqj jlyhq e|
+6146,1 Wkhuhiruh/ zh fdq frqfoxgh wkdw wkh yhfwru +8144, frqyhujhv lq glvwulexwlrq wr dq p0glphqvlrqdo
Jdxvvldq yhfwru zlwk }hur phdq dqg vhfrqg0rughu prphqwv htxdo wr d ©  ¬

+   , = Wklv frpsohwhv wkh surri
ri wkh wkhruhp1
Surriv ri Wkhruhpv 6 dqg 7 duh dqdorjrxv wr wkrvh ri Wkhruhpv 4 dqg 51
Dsshqgl{ D1 Pxowlglphqvlrqdo nhuqhov ri Ihmìu w|sh
Lq wkh surriv/ zh xvh d whfkqltxh edvhg rq wkh uhvxowv ri Leudjlpry ^69`/ Ehqwnxv ^44/ 45`/ Ehqwnxv dqg
Uxwndxvndv ^48` derxw pxowlglphqvlrqdo nhuqhov ri Ihmìu w|sh  

+x  > ===> x  , > +x  > ===> x  , 5  ff /
h{suhvvhg e| wkh irupxod
 

+x  > ===> x ff , @ 4+5,  W
vlq +Wx  @5,
x  @5 ===
vlq +Wx ff @5,
x ff @5
vlq +W +x  . ===. x  , @5,
+x  . ===. x  , @5 +D14,















x  gw  ===gw 
vt¾ wxwxy=z={|zxzx}~rz=~z=|y=z=}xMx9y'{=z
lq wkh frqwlqxrxv fdvh  ff @ U  > dqg e| wkh irupxod
 

+x  > ===> x ff , @ 4+5,  W
vlq +Wx  @5,
vlq +x  @5, ===
vlq +Wx ff @5,
vlq +x  @5,
vlq +W +x  . ===. x  , @5,
vlq ++x  . ===. x  , @5, +D15,




















iru wkh glvfuhwh fdvh  ff @ +> ` ff =Wkh ohppd ehorz vkrzv wkdw wkhvh nhuqhov kdyh surshuwlhv zklfk








vlq ¯ +{@5, > { 5 +> `=
Ohppd D141
Wkh nhuqho  
















+x  > ===> x  ,gx  ===gx  @ 4>









+x  > ===> x  , gx  ===gx  @ 3>
zkhuh imxm  %j @ i+x  > ===> x  , = mx m  %> m @ 4> ===> n  4j =
Dv d frqvhtxhqfh ri Ohppd D14/ zh kdyh wkh iroorzlqj
Ohppd D15 Ohw d ixqfwlrq J +x  > ===> x  , eh erxqghg dqg frqwlqxrxv dw wkh srlqw +x  > ===> x  , @








+x  > ===> x  ,J +x  > ===> x ff ,gx  ===gx ff @ J +3> ===> 3, =
Wkh nhuqhov  

+x  > ===> x ff , > +x  > ===> x ff , 5   / lq frqwlqxrxv dqg glvfuhwh wlph vhwwlqjv zhuh
frqvlghuhg/ iru h{dpsoh/ lq Ehqwnxv ^45`/ ^44`/ dqg zhuh vkrzq wr vdwlvi| wkh deryh frqglwlrqv 406 ri
Ohppd D141
Dsshqgl{ E1 Fxpxodqwv
Iroorzlqj Ohrqry dqg Vklu|dhy ^7:` +vhh dovr Euloolqjhu dqg Urvhqeodww ^4<`/ Ehqwnxv ^46`,/ zh ghvfuleh
dq dojrulwkp iru wkh fdofxodwlrq ri wkh mrlqw fxpxodqwv ri sro|qrpldo ixqfwlrqv ri udqgrp yduldeohv1 Wklv
dojrulwkp kdv ehhq xvhg h{whqvlyho| lq wkh surriv ri wkh suhvhqw sdshu1
Frqvlghu d +qrw qhfhvvdulo| uhfwdqjxodu, wzr0zd| wdeoh
+E14,
+4> 4,    +4> n  ,
111 1 1 1 111
+m> 4,    +m> n  ,
dqg ohw  @ i  > ===>  ´ j eh d sduwlwlrq ri wkh hohphqwv ri wkh wdeoh +E14, lqwr glvmrlqw vhwv1 Zh vd| wkdw
wzr vhwv  ¥ dqg   ri wkh sduwlwlrq  krrn li wkhuh h{lvw +m  > l  , 5  ¥ dqg +m ¯ > l ¯ , 5   vxfk wkdw m  @ m ¯ =
Zh vd| wkdw wkh vhwv  ¥ dqg   frppxqlfdwh li wkhuh h{lvwv d vhtxhqfh ri vhwv
   @  ¥ >   ° > ===>   µ @  




¸o krrn iru hdfk m= D sduwlwlrq lv vdlg wr eh lqghfrpsrvdeoh li doo lwv vhwv frppxqlfdwh1
Ohppd E141 +Ohrqry dqg Vklu|dhy ^7:`,
Jlyhq dq duud| i| ´
Æ










> p @ 4> ===> m=
9Iy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Kz=I=JyLGz vFÅ
Wkhq wkh iroorzlqj irupxod iru wkh mrlqw fxpxodqw ri wkh yduldeohv } ´ krogv=
+E15, fxp +}  > ===> } , @[
¤
f ¤  ===f ¤ ¦ >
zkhuh wkh vxp h{whqgv ryhu doo lqghfrpsrvdeoh sduwlwlrqv  @ +  > ===>  § , ri wkh wdeoh +E14, dqg
f ¤¹ @ fxp +i| ¥  j > +o> n, 5   , =
Iru wkh surriv ri wkh wkhruhpv ri wklv sdshu/ lw zloo eh pruh frqyhqlhqw wr xvh dqrwkhu vhw ri lqglfhv
zkhq zh frqvlghu dq duud| ri wkh irup i| ´
Æ
j > p @ 4> ===> m> q @ 4> ===> n ´ > dqg dsso| wkh irupxod +E15,1
Qdpho|/ lqvwhdg ri wkh grxeoh lqgh{ +p>q, > zh xvh dv lqgh{ dq lqwhjhu ghqrwlqj wkh srvlwlrq dw zklfk
+p>q, dsshduv lq wkh olvw i+4> 4,> ===> +4> n  ,> +5> 4,> ===> +5> n ¯ ,> ===> +m> 4,> ===+m> n ,j= Wkdw lv/ wkh wdeoh +E14,
fdq eh zulwwhq dv 4    n 
n  . 4    n  . n ¯










Dv dq dssolfdwlrq ri Ohppd E14 zh kdyh
+E16, H +|   ===  |  , @[
¤
f ¤   ===  f ¤ ¦ >
zkhuh wkh vxppdwlrq h{whqgv ryhu doo sduwlwlrqv +  > ===>  § , ri wkh vhw +4> ===> n, dqg f ¤ ghqrwhv wkh mrlqw
fxpxodqw ri wkh |*v zlwk lqglfhv lq =
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